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1 Introduction

Backgrounds which involve manifolds with G-structure naturally appear in string theory

as generalisations of Calabi-Yau and other special holonomy compactifications [1, 2]. As

for conventional special holonomy manifolds these backgrounds can be classified by the

amount of supersymmetry that they leave unbroken. In both cases supersymmetry requires

the existence of nowhere vanishing and globally defined spinors. This in turn reduces the

structure group to a subgroup G which leaves the spinors invariant.

For special holonomy manifolds the spinors are also covariantly constant with respect to

the Levi-Civita connection which is what in turn implies that the manifold has a reduced

holonomy group. On the other hand, the spinors of backgrounds with G-structure are
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covariantly constant with respect to a different, torsionful connection [1, 3–5]. In type II

supergravity, there are two spinors parameterising the supersymmetry. It is then natural

to consider a further generalisation to G×G-structures, with each spinor invariant under a

different G subgroup. Geometrically this can be viewed [6] as a structure on the sum of the

tangent and cotangent spaces, using the notion of “generalised geometry” first introduced

by Hitchin [7, 8]. In this case one can forget the conventional geometrical structure on

the manifold and discuss the background just in terms of the G × G-structures. It has

the advantage that these structures are often better defined globally and also can satisfy

integrability conditions that are the analogues of special holonomy.

From a particle physics point of view backgrounds which leave four supercharges un-

broken (corresponding to N = 1 in four space-time dimensions (d = 4)) are the most inter-

esting. However it is often useful to first study backgrounds with additional supercharges

as in this case the couplings in the effective action are more constrained. In a series of

papers [9–11] we considered backgrounds with eight unbroken supercharges (corresponding

to N = 2 in d = 4) and formulated them in the language of SU(3) × SU(3)-structures.

In refs. [10, 11] we studied this problem from two different points of view. On the

one hand, by losing manifest SO(9, 1)-invariance one can rewrite the ten-dimensional su-

pergravity in a form where only eight supercharges are manifest. This corresponds to a

rewriting of the ten-dimensional action in “N = 2 form” though without any Kaluza-Klein

reduction [12]. A slightly different point of view arises when one considers a Kaluza-

Klein truncation keeping only the light modes. In this case one can integrate over the

six-dimensional manifold and derive an “honest” N = 2 effective action in d = 4. In this

paper we will only consider the first approach.1

For G × G-structures the “unification” of the tangent and cotangent bundle suggests

a formalism where instead of the usual tangent space structure group GL(6,R), the group

O(6, 6) is used, acting on the sum of tangent and cotangent spaces. It turns out that the

N = 2 geometry is most naturally described by two complex 32-dimensional (pure) spinors

Φ± of O(6, 6) [7]. Each of them individually defines an SU(3, 3) structure. The magnitude

and phase of Φ± are unphysical, so each can be viewed as parameterising a point in an

O(6, 6) orbit corresponding to the special Kähler coset space MSK = O(6, 6)/U(3, 3). The

respective Kähler potentials can be expressed in terms of the square root of the O(6, 6)

quartic invariant built out of Φ±, known as the Hitchin function. We review these results

in detail in section 2.

The O(6, 6) formalism naturally captures the degrees of freedom of the NS-sector, i.e.

the metric and the B-field, but it does not incorporate the Ramond-Ramond (RR) sector

four-dimensional scalars into a geometrical description. One knows that for Calabi-Yau

compactifications including the RR-scalars promotes the special Kähler manifold MSK

into a dual quaternionic-Kähler (QK) space MQK. The map MSK → MQK is a generic

property of type II string backgrounds and is called the c-map [20, 21]. One can also

consider the hyperkähler cone (or the Swann bundle) over MQK [22, 23]. Such a con-

struction always exists and physically corresponds to the coupling of hypermultiplets to

1Further aspects about both effective actions are discussed, for example, in refs. [13]–[19].
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superconformal supergravity [24, 25]. The hyperkähler cone has one extra quaternionic

dimension corresponding to a superconformal compensator multiplet. The presence of the

compensator gauges the SU(2)R-symmetry of N = 2 together with a dilatation symmetry.

The metric on the cone is then determined by a hyperkähler potential χ.

Thus the question arises if there is a generalisation of the O(6, 6) formalism which de-

scribes the deformation space MQK. This is the topic of the present paper. By analogy with

the corresponding discrete T- and U-duality groups, one wants to replace the group O(6, 6)

of the NS-sector by E7(7) which acts non-trivially on all scalar fields and mixes the scalars

from the NS sector with the scalars in the RR sector [26].2 Geometrically, this “extends”

Hitchin’s generalised geometry and includes the RR degrees of freedom in a yet larger struc-

ture called “extended geometry” or “exceptional generalised” geometry (EGG) [27, 28]. It

is important to note that E7(7) is not a symmetry of EGG (nor is O(d, d) a symmetry of

generalised geometry).3 Instead, the construction is covariant with respect to a subgroup

built from the diffeomorphism symmetry and the gauge transformations of the NS and RR

form-fields, and, in addition, the objects of interest come naturally in E7(7) representations.

We find that the quaternionic-Kähler manifold MQK is one of the homogeneous Wolf

spaces [32, 33], namely MQK = E7(7) /(SO
∗(12) × SU(2)), for which the hyperkähler cone

is MHKC = R
+ × E7(7) /SO∗(12). The latter space can be viewed as the moduli space of

highest weight SU(2) embeddings into E7(7) [32]. From this construction a hyperkähler

potential χ can be given in terms of the SU(2) generators [34, 35]. By decomposing E7(7)

under its subgroup SL(2,R) × O(6, 6) we specify explicitly the embeddings of one pure

spinor, the RR potential C and the dilaton-axion. Then using the result of [35] we are able

to establish agreement with the expression for χ given in [36, 37] for hyperkähler cones

which generically arise via the c-map.

We also find that the space O(6, 6)/U(3, 3) can be promoted to the special E7(7) Kähler

coset MSK = R
+ × E7(7) /E6(2) which again admits an action of the U-duality group

E7(7). Furthermore its Kähler potential is given by the square root of the E7(7) quartic

invariant built out of the 56 representation. This expression can be viewed as an E7(7)

Hitchin function.

The E7(7) cosets just discussed do not appear directly in the N = 2 supergravity but

a compatibility condition between the two spinors Φ± (or more precisely, between the

SO∗(12) and E6(2) structures) has to be imposed. Furthermore, if the low-energy theory

is to contain no additional massive gravitino multiplets, they either have to be integrated

out or an appropriate projection is required. As these massive N = 2 gravitino multiplets

contain scalar degrees of freedom, the scalar geometry is altered. This is reviewed in more

detail in section 2.

In addition to the kinetic terms, the scalar potential can also be expressed in an E7(7)

language, though now in a way that depends on the differential geometry of the EGG.

Generically in N = 2 supergravity the scalar potential is given in terms of an SU(2)-

triplet of Killing prepotentials Pa. We propose an E7(7) form for Pa which coincides with

2In this paper we will refer to these groups loosely as T- and U-duality, though the connection to the

actual discrete duality groups is only clear for toroidal compactifications.
3This is in contrast to more ambitious proposals such as [29]-[31].
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the known expressions given in [10, 11] when decomposed under the SL(2,R) × O(6, 6)

subgroup of E7(7). One can also consider the form of the N = 1 vacuum equations in this

formalism. We do not give a complete description here but show at least how the standard

O(6, 6) equations [6] can be embedded as particular components of E7(7) expressions.

This paper is organised as follows. Throughout, for definiteness, we focus on the case

of type IIA backgrounds, though the same formalism works equally well for type IIB. In

section 2 we recall how the N = 2 backgrounds can be written in terms of the generalised

geometrical O(6, 6) formalism following [10, 11]. In section 3 we include the RR degrees of

freedom and formulate the combined structure in terms of an exceptional generalised geom-

etry (EGG) [27, 28]. In particular, in section 3.1 we first give some basic E7(7) definitions

and in 3.2 we introduce the notion of exceptional generalised geometry. Then in sections 3.3

and 3.4 we discuss the moduli spaces for the hypermultiplet and vector multiplet sectors

in terms of E7(7) coset manifolds, specifying in particular the SL(2,R)×O(6, 6) embedding

of the NS and RR degrees of freedom. We give an E7(7)-invariant expression for the hy-

perkähler potential χ following the explicit construction of ref. [35] and we also show that

the Kähler potential on the vector multiplet moduli space M+
SK is given by the square-root

of the E7(7) quartic invariant in complete analogy to the Hitchin function in the O(6, 6) case.

In section 3.5 we discuss the combined vector and hypermultiplet sectors, which results in

some compatibility condition between the structures in E7(7), as well as some constraints

coming from requiring a standard supergravity action. In section 4.1 we then give an E7(7)

expression for the Killing prepotentials. Section 4.2 discusses the E7(7) version of the N = 1

background conditions determined in ref. [6]. Section 5 contains our conclusions and some

of the more technical details of the computations are presented in two appendices.

2 Review of O(6, 6) formalism

In this section we briefly recall some of the results of refs. [10, 11] in order to set the stage for

our analysis. We will use the conventions of [11]. It is perhaps helpful to stress again that

in this paper we are not making a dimensional reduction of type II supergravity. Rather we

are rewriting the full ten-dimensional theory in a four-dimensional N = 2 language, where

one can decompose the degrees of freedom into hypermultiplets and vector multiplets.

Necessarily this requires breaking the manifest local Spin(9, 1) symmetry to Spin(3, 1) ×
Spin(6), and also that we can consistently pick out eight of the 32 supersymmetries. One

can then introduce special Kähler and quaternionic moduli spaces for the corresponding

scalar (with respect to Spin(3, 1)) degrees of freedom. However these degrees of freedom

will still depend on the coordinates of all ten dimensions.

As an example, suppose we have a product manifold M9,1 = M3,1×M6 with an SU(3)

structure on M6 defined by a two-form J and a three-form Ω, both of which are scalars

with respect to Spin(3, 1). If we had a Calabi-Yau manifold then Ω and J are constrained

by requiring dJ = dΩ = 0. Let us focus on Ω. In a conventional dimensional reduction one

expands Ω in terms of harmonic forms (αA, β
A) according to Ω = ZAαA − FB(Z)βB , and

then shows that there is a special Kähler moduli space Mtrunc for the four-dimensional

fields ZA which depends on the complex geometry of the Calabi-Yau manifold. Similarly,
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for manifolds of SU(3) structure, where nowhere vanishing J and Ω exist but are generically

not closed, one can truncate the degrees of freedom to a finite dimensional subspace, and

do a similar expansion as in Calabi-Yau manifolds, but in this case involving forms which

are not necessarily harmonic. The moduli space Mtrunc spanned by the four-dimensional

fields is still special Kähler [11, 14]. In this paper on the other hand we look at the space

of all structures Ω. Rather than a finite set of moduli ZA one can choose a different three-

form Ω at each point in the six-dimensional space. The space of such Ω at a given point is

R
+ ×GL(6,R)/SL(3,C) and it turns out that this is also a special Kähler space MSK. In

summary, we have two cases, given x ∈M3,1 and y ∈M6

untruncated: Ω = Ω(x, y) ∈ Λ3TM6 ,

Ω(x, y) ∈ MSK at each point (x, y) ∈M3,1 ×M6 ,

finite truncation: Ω = ZA(x)αA(y) − FB(Z(x))βB(y) ,

ZA(x) ∈ Mtrunc at each point x ∈M3,1 .

(2.1)

Note that MSK ≃ R
+ × GL(6,R)/SL(3,C) is the same for all manifolds M6 while Mtrunc

depends on the particular manifold. Furthermore Mtrunc can be obtained from the fibration

of MSK over M6 by restricting to a finite subspace of sections Ω.

More generally in [10, 11] we simply assumed that the tangent bundle of the ten-

dimensional space-time splits according to TM9,1 = T 3,1 ⊕ F , where F admits a pair

of nowhere vanishing Spin(6)-spinors. Here, for simplicity, we will always consider the

case where M9,1 = M3,1 ×M6 so F = TM6 and usually just write TM for TM6. The

split of the tangent space implies that all fields of the theory can be decomposed under

Spin(3, 1) × Spin(6). In particular one can decompose the two supersymmetry parameters

of type II supergravity ǫ1, ǫ2 as4

ǫ1 = ε1+ ⊗ η1
− + ε1− ⊗ η1

+ ,

ǫ2 = ε2+ ⊗ η2
± + ε2− ⊗ η2

∓ , (2.2)

where in the second line the upper sign is taken for type IIA and the lower for type IIB.

Here ηI+ with I = 1, 2 are spinors of Spin(6) while εI are Weyl spinors of Spin(3, 1).5 We

see that for a given pair (η1
+, η

2
+) there are eight spinors parameterised by εI±. These are

the eight supersymmetries which remain manifest in the reformulated theory. Each of the

ηI is invariant under a (different) SU(3) inside Spin(6). The two SU(3) intersect in an

SU(2) and the established nomenclature calls this situation a local SU(2)-structure.

Such backgrounds have a very natural interpretation in terms of generalised geometry.

Recall that this is defined in terms of the generalised tangent space

E = TM ⊕ T ∗M (2.3)

4In section 3.5 we will find some subtleties in counting the degrees of freedom on the moduli spaces, that

actually will lead us to slightly generalise this N = 2 spinor ansatz.
5In each case ηI

− and εI
− are the charge conjugate spinors and the ± subscripts denote the chirality (for

more details see appendix A of [11]).
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built from the sum of the tangent and cotangent spaces. If M is d-dimensional, there is a

natural O(d, d)-invariant metric6 on E, given by η(Y, Y ) = iyξ where Y = y+ ξ ∈ E, with

y ∈ TM and ξ ∈ T ∗M . One can then combine (η1, η2) into two 32-dimensional complex

“pure” spinors Φ± ∈ S± of O(6, 6). They are defined as the spinor bilinears, or equivalently

sums of odd or even forms,

Φ+ = e−Bη1
+η̄

2
+ ≡ e−BΦ+

0 , Φ− = e−Bη1
+η̄

2
− ≡ e−BΦ−

0 , (2.4)

In the special case where the two spinors are aligned we have η1 = η2 ≡ η. In this case there

is only a single SU(3) structure, familiar from the case of Calabi-Yau compactification, and

one has

Φ+ = e−(B+iJ) , Φ− = −ie−BΩ , (2.5)

where Ω is the complex (3, 0)-form and J is the real (1, 1)-form.

Each pure spinor is invariant under an SU(3, 3) subgroup of O(6, 6) and so each indi-

vidually is said to define an SU(3, 3) structure on E. In particular this defines a generalised

(almost) complex structure. Explicitly one can construct the invariant tensor

J ±A
B = i

〈
Φ±,ΓABΦ̄±

〉
〈
Φ±, Φ̄±

〉 , (2.6)

satisfying (J±)2 = −1. Here, ΓA with A = 1, . . . , 12 are gamma-matrices of O(6, 6), ΓAB

are antisymmetrised products of gamma-matrices, indices are raised and lowered using η

and the bracket denotes the Mukai pairing defined by

〈
ψ,χ

〉
=
∑

p

(−)[(p+1)/2]ψp ∧ χ6−p ≡ (s(ψ) ∧ χ)6 . (2.7)

(The subscripts denote the degree of the component forms, and the operation s assigns the

appropriate signs to the component forms. This pairing is simply the natural real bilinear

on O(6, 6) spinors. Note that the pure spinors Φ± also satisfy
〈
Φ+, Φ̄+

〉
=
〈
Φ−, Φ̄−

〉
.)

The generalised almost complex structures J ± also induce a decomposition of the

generalised spinor bundles S± into modules with definite eigenvalue under the action of
1
4J

±
ABΓAB. In particular, one finds

1

4
J ±
ABΓAB Φ± = 3iΦ±,

1

4
J±
ABΓAB Φ̄± = −3iΦ̄± . (2.8)

One can also use this action to define a coarser grading of S±, namely an almost complex

structure on S±, first introduced in this context by Hitchin [7], and given by

J±
Hit = exp

(
1

8
πJ±

ABΓAB
)
, (2.9)

such that (in six-dimensions and acting on S±(E)) one has (J±
Hit)

2 = −1 and in particular,

J±
HitΦ

± = −iΦ±.

6We use η to denote both the O(d, d) metric and the O(d) spinors ηI . The distinction between them

should be clear from the context.
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One finds that the specific Φ± given by (2.4) also satisfy the “compatibility” condition

〈
Φ+,ΓAΦ−

〉
= 0 ∀A . (2.10)

This implies that the common stabiliser group in O(6, 6) of the pair (Φ+,Φ−) is SU(3) ×
SU(3), or equivalently that together they define an SU(3) × SU(3) structure in O(6, 6).

One can also view this structure in terms of the way the supergravity metric g and

B-field are encoded in generalised geometry. One can combine g and B into an O(2d)

metric on the generalised tangent space. This is compatible with the O(d, d) metric such

that together they are invariant under O(d) × O(d) and hence define an O(d) × O(d)

structure. Thus in the six-dimensional case one can regard g and B as parameterising the

36-dimensional (Narain) coset space O(6, 6)/O(6)×O(6). The two six-dimensional spinors

ηI transform separately under the two Spin(6) groups. Therefore the nowhere vanishing

pair (η1, η2) defines a separate SU(3) structure in each O(6) factor. Thus collectively we see

that g, B and the pair (η1, η2) define an SU(3) × SU(3) structure in generalised geometry.

In summary we conclude that each pure spinor Φ± defines an SU(3, 3) structure and

that each parameterises a 32-dimensional coset space [7]

M̃±
SK =

O(6, 6)

SU(3, 3)
× R

+. (2.11)

The appearance of the coset G/H can also be understood as follows. It is the orbit

generated by the G-action on an element which is stabilised by H. A simple example is

the sphere Sd = SO(d + 1)/SO(d), which can be seen as the orbit of the unit vector in

R
d+1 when acting with the group SO(d+ 1). We have precisely the same situation in that

Φ+, say, can be viewed as parameterising O(6, 6) orbits which are stabilised by SU(3, 3).

The R
+ then corresponds to the freedom to additionally rescale Φ+. In fact the real part

of Φ± alone is stabilised by SU(3, 3). Since a generic real spinor is 32 dimensional, as are

the orbits, we see that in this case the orbit of ReΦ± forms an open set in the space of all

real spinors (a so called “stable orbit”) [7].

It turns out that the magnitude and phase of Φ± are not physical. Modding out by

such complex rescalings gives the spaces

M±
SK = M̃±

SK/C
∗ ≃ O(6, 6)

U(3, 3)
. (2.12)

As we will review below, there is a natural rigid special Kähler metric on M̃±
SK and a local

special Kähler metric on M±
SK. The Kähler potentials read [7]

e−K
±

= i
〈
Φ±, Φ̄±

〉
. (2.13)

Note that a complex rescaling of the pure spinors Φ± is unphysical in that it corresponds

to a Kähler transformation in K±. This degree of freedom in Φ± will be part of a super-

conformal compensator in the E7(7) formulation.

Given that the groups SO(6, 6) and SU(3, 3) are non-compact, the spaces M±
SK and

M̃±
SK are both non-compact and have pseudo-Riemannian metrics on them. In particular

the signature of the metric on M±
SK is (18, 12). We return to this below.

– 7 –
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As we have mentioned above, the two ReΦ± together satisfying (2.10) define an

SU(3) × SU(3) structure inside O(6, 6). Therefore the compatible pair (Re Φ+,Re Φ−)

parameterises the 52-dimensional coset

(ReΦ+,Re Φ−) : M̃ =
O(6, 6)

SU(3) × SU(3)
× R

+ × R
+ . (2.14)

(Note that the dimensionality of M̃ counts correctly the 2 × 32 degrees of freedom in

Re Φ+,Re Φ− minus the 12 compatibility constraints of (2.10).) M̃ is a particular slice in

the product space M+
SK × M−

SK. Again for the physical moduli space one needs to mod

out by the C
∗ actions on Φ±, giving the 48-dimensional coset O(6, 6)/U(3) × U(3).

Note, however, that this counting still does not match the physical NS supergravity

degrees of freedom which is the 36-dimensional space of g and B, parameterising the Narain

coset O(6, 6)/O(6) × O(6). Furthermore, we note that the metric on O(6, 6)/U(3) × U(3)

has signature (36, 12). Thus there are twelve degrees of freedom in the latter coset which

are not really physical (and have the wrong sign kinetic term). Under SU(3) × SU(3)

these transform as triplets (3,1), (1,3) and their complex conjugates. In terms of N =

2 supergravity, these representations are associated with the massive spin-3
2 multiplets

and one expects that these directions are gauge degrees of freedom of the massive spin-3
2

multiplets. This leaves a 36-dimensional space as the physical parameter space. It would

be interesting to give a geometrical interpretation of this reduction, perhaps as a symplectic

reduction of M+
SK ×M−

SK with a moment map corresponding to the constraint (2.10).

We can make this physical content explicit by using the decomposition under SU(3)×
SU(3) to assign the deformations along the orbits of Φ+ and Φ− as well as the RR degrees of

freedom to N = 2 multiplets. In type IIA, the RR potential contains forms of odd degree,

which from the four-dimensional point of view contribute to vectors and scalars. The

vectors, having one space-time index, are even forms on the internal space and we denote

them C+
µ , while the scalars are internal odd forms denoted C−. In order to recover the

standard N = 2 supergravity structure we imposed in refs. [10, 11] the constraint that no

massive spin-3
2 multiplets appear. As we mentioned, this corresponds to projecting out any

triplet of the form (3,1), (1,3) or their complex conjugates. With this projection only the

gravitational multiplet together with hyper-, tensor-, and vector multiplets survive. These

are shown for type IIA in table 1. (In what follows, we restrict to type IIA theory, the type

IIB case follows easily by changing chiralities.) gµν and C+
µ (1) denote the graviton and the

graviphoton, respectively, which together form the bosonic components of the gravitational

multiplet.7 Φ+ represents the scalar degrees of freedom in the vector multiplets (with

the (3, 3̄) part of C+
µ being the vectors) while Φ− together with C− combines into a

hypermultiplet. Finally the four-dimensional dilaton φ, Bµν and the SU(3)×SU(3) singlet

component of C−
(1) form the universal tensor multiplet.

After requiring compatible spinors and projecting out the triplets, N = 2 supergravity

requires the scalar manifold to be

M = M+
SK ×MQK , (2.15)

7The subscript (1) indicates that it is the SU(3) × SU(3) singlet of the RR forms C+
µ or C−.
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multiplet SU(3) × SU(3)rep. bosonic field content

gravity multiplet (1,1) gµν , C
+
µ (1)

vector multiplets (3, 3̄) C+
µ ,Φ

+

hypermultiplets (3,3) Φ−, C−

tensor multiplet (1,1) Bµν , φ, C
−
(1)

Table 1. N = 2 multiplets in type IIA.

where the first factor arises from Φ+ (or more generally from the vector multiplets), while

the second factor comes from the hypermultiplets (Φ−, C−) and the dualised tensor multi-

plet. In the NS-subsector, i.e. for C− = 0, one has the submanifold

MNS = M+
SK ×M−

SK × SU(1, 1)

U(1)
, (2.16)

where the Kähler potentials of the first two factors are still given by (2.13) [9–11, 38], while

for the last factor it reads

e−KS = −i(S − S̄) = 2e−2φ . (2.17)

The four-dimensional dilaton φ is related to the ten-dimensional dilaton ϕ by φ = ϕ −
1
4 ln det gmn. Equivalently one can write

e−2φ = e−2ϕ vol6 , (2.18)

where vol6 is the volume form on M , so e−2φ transforms as a six-form. In S it combines

with the six-form B̃ corresponding to the ten-dimensional dual of Bµν , into the complex

six-form field S = B̃ + ie−2φ. Let us stress that, even though we are using the same

notation, the individual factors in (2.16) are not given by (2.12). The latter only appear

before applying the triplet-projection and the compatibility constraint.

In the case of a single SU(3) structure the Kähler potentials (2.13) reduce to the

familiar Calabi-Yau expressions [38]. Inserting (2.5) into (2.13) one arrives at

e−K
+

=
4

3
J ∧ J ∧ J , e−K

−

= iΩ ∧ Ω̄ . (2.19)

The exponentials e−K
±

in (2.13) coincide with the Hitchin function H defined for stable

spinors of O(6, 6). If we write ρ± = 2Re Φ± then H is the square root of the spinor quartic

invariant q(ρ±) of O(6, 6), that is

e−K
±

= H(ρ±) =
√
q(ρ±) , (2.20)

where

q(ρ) =
1

48

〈
ρ,ΓABρ

〉〈
ρ,ΓABρ

〉
. (2.21)
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As was first shown by Hitchin [7], given that the Mukai pairing defines a symplectic struc-

ture, the Hitchin function encodes the complex structure (2.9) such that together they

define a rigid special Kähler metric on M̃±
SK and hence a local special Kähler metric

on M±
SK. In particular one can construct a second spinor ρ̂± from ∂H/∂ρ±. Writing

Φ± = 1
2 (ρ± + iρ̂±), the Hitchin function is given by the expression (2.13).

To complete the description of the ten-dimensional supergravity in terms of N = 2

language, we must give the Killing prepotentials Pa which determine the N = 2 scalar

potential. These are similarly expressed in terms of Φ± and can be written in a O(6, 6)

form. For type IIA they read [11]8

P+ = P1 + iP2 = −2ie
1
2
K−+φ

〈
Φ+,dΦ−

〉
,

P3 = − 1√
2
ie2φ

〈
Φ+, G

〉
.

(2.22)

Note here we have introduced the closed RR field strengths G = e−BF where F are the

more conventional field strengths satisfying dF −H ∧F = 0. It will be useful to introduce

a potential for G, somewhat unconventionally denoted9 C−,

G = e−BF ≡
√

2dC− , (2.23)

where the factor of
√

2 is introduced to match the E7(7) conventions in what follows.

3 Reformulation in terms of E7(7) and EGG

In this section we are extending the formalism reviewed in the previous one by including

the RR degrees of freedom C− (for definiteness, we will consider the case of type IIA).

Intuitively this extension can be understood as promoting the T-duality group O(6, 6) to

the full U-duality group E7(7) which acts on all degrees of freedom (not only the ones in

the NS-sector) and in particular mixes NS with RR scalars. From the supergravity point

of view adding RR scalars promotes the moduli space MNS given in (2.16) to the moduli

space M = M+
SK × MQK given in (2.15). In particular one of special Kähler manifolds

(M−
SK for type IIA) together with the dilaton factor is enlarged to a quaternionic-Kähler

component MQK.

Geometrically, this formulation involves going to an extension of Hitchin’s generalised

geometry, called “extended” or “exceptional generalised” geometry (EGG) [27, 28]. In

conventional generalised geometry the internal metric and B-field degrees of freedom are

“geometrised” by considering structures on the generalised tangent space TM ⊕ T ∗M .

In EGG, one further extends the tangent space, so as to completely geometrise all the

degrees freedom including the RR fields C− and the four-dimensional axion-dilaton (φ, B̃),

as structures on this larger “exceptional” generalised tangent space.

This section is arranged as follows. In section 3.1 we give some basic E7(7) definitions

and in 3.2 we briefly discuss the structure of the EGG relevant to type IIA compactifications

8Note that here we have made an SU(2)R rotation (P1,P2,P3) 7→ (P1,−P2,−P3) as compared to the

expressions in [11].
9This potential is usually called A in the literature.

– 10 –



J
H
E
P
0
7
(
2
0
0
9
)
1
0
4

to four dimensions. This formalism leads to the expectation that the moduli spaces M+
SK

and MQK should be cosets of the form E7(7) /H. This is discussed in sections 3.3 and 3.4 for

the hyper- and vector multiplets respectively. In 3.3.1 we briefly review some properties

of the superconformal compensator formalism which is related to the hyperkähler cone

construction discussed in 3.3.2 and 3.3.3. Given the known properties of homogeneous

spaces, we argue in 3.3.2 what form the coset describing the hypermultiplet moduli spaces

should take. In section 3.3.3 we show it explicitly by specifying the embedding of the NS and

RR degrees of freedom, and give an E7(7) invariant expression for the hyperkähler potential

χ following the explicit construction of ref. [35], showing as well its consistency with the

literature [36]. In section 3.4 we turn to the vector multiplet moduli space M+
SK. In 3.4.1

we argue what coset it should correspond to, and in 3.4.2 we give its explicit construction.

We show that there is indeed a natural special Kähler metric, generalising the construction

of [7], and that the corresponding Kähler potential is given by the square-root of the

E7(7) quartic invariant in complete analogy to the Hitchin function in the O(6, 6) case. In

section 3.5 we discuss the hyper and vector-multiplet sectors and their compatibility.

3.1 Basic E7(7) group theory

The group E7(7) can be defined in terms of its fundamental 56-dimensional representation.

It is the subgroup of Sp(56,R) which preserves, in addition to the symplectic structure S,

a particular symmetric quartic invariant Q.

In order to make the connection to the generalised geometry formalism it will be useful

to study the decomposition under

E7(7) ⊃ SL(2,R) ×O(6, 6) , (3.1)

where O(6, 6) corresponds to T-duality symmetry of generalised geometry, while SL(2,R) is

the S-duality symmetry. The latter acts on the axion-dilaton S = B̃+ie−2φ (where B̃ is the

six-form dual to Bµν , and e−2φ is the four-dimensional dilaton six-form defined in (2.18))

by fractional linear transformations.10 The fundamental representation decomposes as

56 = (2,12) + (1,32) ,

λ =
(
λiA, λ+

)
, (3.2)

where i = 1, 2 labels the SL(2,R) doublet while A = 1, . . . , 12 labels the fundamental rep-

resentation of O(6, 6). λ+ denotes a 32-dimensional positive-chirality O(6, 6) Weyl spinor.

The adjoint representation 133 decomposes as

133 = (3,1) + (1,66) + (2,32′) ,

µ =
(
µij, µ

A
B , µ

i−
)
. (3.3)

This choice of spinor chiralities λ+, µi− is precisely the one relevant for type IIA; the corre-

sponding expressions for type IIB would require a swap of the chiralities. TheO(6, 6) vector

10This should not be confused with the S-duality in type IIB mixing the dilaton with the axion coming

from the RR sector.
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indices A can be raised and lowered using the O(6, 6) metric ηAB , while the SL(2,R) indices

can be raised and lowered using the SL(2,R) invariant anti-symmetric tensor ǫ, so that for

any given doublet vi we define vi = ǫijv
j where ǫ12 = 1 and vi = ǫijvj with ǫ12 = −1.

The E7(7) symplectic and quartic invariants are given by

S(λ, λ′) = ǫijλ
i · λ′j +

〈
λ+, λ′+

〉
,

Q(λ) =
1

48

〈
λ+,ΓABλ

+
〉〈
λ+,ΓABλ+

〉

−1

2
ǫijλ

i
Aλ

j
B

〈
λ+,ΓABλ+

〉
+

1

2
ǫijǫkl

(
λi · λk

)(
λj · λl

)
, (3.4)

where X · Y = ηABX
AY B and ΓAB is the antisymmetrised product of O(6, 6) gamma-

matrices. The action of the adjoint representation (with parameter µ) which leaves these

invariant is given by

δλiA = µijλ
jA + µABλ

iB +
〈
µi−,ΓAλ+

〉
,

δλ+ =
1

4
µABΓABλ+ + ǫijλ

iAΓAµ
j− . (3.5)

The adjoint action on the 133 representation (with parameter µ′) is given by δµ = [µ′, µ]

where

δµij = µ′ikµ
k
j − µikµ

′k
j + ǫjk

(〈
µ′i−, µk−

〉
−
〈
µi−, µ′k−

〉)
,

δµAB = µ′ACµ
C
B − µACµ

′C
B + ǫij

〈
µ′i−,ΓABµ

j−
〉
,

δµi− = µ′ijµ
j− − µijµ

′j− +
1

4
µ′ABΓABµi− − 1

4
µABΓABµ′i− . (3.6)

One can also define the invariant trace in the adjoint representation

trµ2 =
1

2
µijµ

j
i +

1

4
µABµ

B
A + ǫij

〈
µi−, µj−

〉
. (3.7)

Let us briefly mention a different decomposition of E7(7). The maximal compact sub-

group of E7(7) is SU(8)/Z2. In particular, in the supersymmetry transformations, the

two type II spinors really transform in the fundamental representation under (the double

cover) SU(8). The fundamental and the adjoint representation of E7(7) decompose under

SU(8)/Z2 as

56 = 28 + 2̄8 , 133 = 63 + 35 + 3̄5 ,

λ = (λαβ , λ̄αβ) , µ = (µαβ, µ
αβγδ , µ̄αβγδ) , (3.8)

where α = 1, . . . , 8 denotes the fundamental of SU(8) and where λαβ and µαβγδ are totally

antisymmetric, µαα = 0 and (∗µ̄)αβγδ = µαβγδ (indices are raised and lowered with the

SU(8) Hermitian metric, constructed from the spinor conjugation matrix). The action of

the adjoint representation on the fundamental representation is given by

δλαβ = µαγλ
γβ + µβγλ

αγ + µαβγδλ̄γδ,

δλ̄αβ = −µγαλ̄γβ − µγβλ̄αγ + µ̄αβγδλ
γδ, (3.9)

Although we will not give it here, one can use six-dimensional gamma matrices to give

explicit relations between the SU(8)/Z2 and SL(2,R) ×O(6, 6) decompositions.
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3.2 EGG for type IIA with E7(7)

To define exceptional generalised geometry for type IIA compactified to four dimensions,

one starts with an extended generalised tangent space (EGT) of the form11

E = TM ⊕ T ∗M ⊕ Λ5T ∗M ⊕
(
T ∗M ⊗ Λ6T ∗M

)
⊕ ΛevenT ∗M . (3.10)

The first two terms correspond to the generalised tangent bundle of conventional gener-

alised geometry and are loosely associated to the momentum and winding of string states.

The next two terms can be thought of corresponding to NS five-brane and Kaluza-Klein

monopole charges. The final term is isomorphic to S+, the positive helicity Spin(6, 6)

spinor bundle, and is associated to D-brane charges. The EGT space is 56-dimensional

and, just as there was a natural O(d, d)-invariant metric on TM ⊕T ∗M , there is a natural

symplectic form S and symmetric quartic invariant Q on E. The group that preserves both

S and Q is E7(7). Thus the analogue of the O(d, d) action is a natural E7(7) action on E.

Essentially (3.10) corresponds to a decomposition of the 56 fundamental representation of

E7(7) under a particular GL(6,R) ⊂ E7(7) which is identified with diffeomorphisms of M .

The embedding of GL(6,R) in E7(7) is described explicitly in appendix A. More precisely,

as discussed there, E corresponds to the decomposition of the fundamental representation

weighted by (Λ6T ∗M)1/2.

One can similarly decompose the adjoint 133 representation of E7(7) under this

GL(6,R) subgroup and finds (see (A.8))

A0 = (TM ⊗ T ∗M) ⊕ Λ2TM ⊕ Λ2T ∗M

⊕R ⊕ Λ6T ∗M ⊕ Λ6TM ⊕ ΛoddT ∗M ⊕ ΛoddTM . (3.11)

The first term corresponds to the GL(6,R) action. However, there is a second important

subgroup one can obtain from taking only the p-form elements of A0

B + B̃ + C− ∈ Λ2T ∗M ⊕ Λ6T ∗M ⊕ ΛoddT ∗M , (3.12)

giving a nilpotent sub-algebra (A.11). These are the EGG analogues of the “B-shift”

symmetries of generalised geometry and are in one-to-one correspondence with the form-

fields of the IIA supergravity. In particular, B is the internal B-field, C− the RR-form

potentials and B̃ is an internal six-form corresponding to the ten-dimensional dual of

Bµν . To identify B, B̃ and C− in the SL(2,R) × O(6, 6) decomposition of the adjoint

representation (3.3), we note, as explained in detail in appendix A, that the embedding of

GL(6,R) ⊂ SL(2,R)×O(6, 6) ⊂ E7(7) breaks the SL(2,R) symmetry, picking out a SL(2,R)

vector vi. Using this vector, we identify B, B̃ and C− as the following elements in the 133

µij = B̃1...6v
ivj , B̃ ∈ Λ6T ∗M ,

µAB =

(
0 0

B 0

)
, B ∈ Λ2T ∗M ,

µi− = viC− , C− ∈ ΛoddT ∗M . (3.13)

11This structure was first discussed in [27] and, in an M-theory context, in [28]. For a more complete

description of the geometry in this particular case see [39].
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Geometrically, these form-field potentials together with the metric and dilaton en-

code an SU(8)/Z2 structure on E [28], i.e. they parameterise the coset E7(7) /(SU(8)/Z2).

Formally this structure is an element I ∈ E7(7) that, like a complex structure, satisfies

I2 = −1. This then defines a (exceptional generalised) metric (EGM) on E given by

G(λ, λ) = S(λ, Iλ) where λ ∈ E. This is the analogue of the generalised metric on

TM ⊕ T ∗M . One can show that a generic EGM can be written as12

G(λ, λ) = G0(e
C−

eB̃e−Bλ, eC
−

eB̃e−Bλ) , (3.14)

where G0 is a specific EGM built from g and the dilaton φ, the form of which will not

be important, and eC
−
eB̃e−B are the exponentiated actions of the adjoint elements given

in (3.12). Hence C−, B̃, B g and φ encode a generic EGM, or equivalently a point in the

coset E7(7) /(SL(2,R) ×O(6, 6)).

If the form field strengths are nontrivial, the potentials B, B̃ and C− can only be

defined locally. The EGM is then really a metric on a twisted version of (3.10), where we

introduce on each patch U(α)

λ(α) = e
C−

(α)eB̃(α)e−B(α)λ, (3.15)

such that on U(α) ∩ U(β) we have a patching by gauge transformations

λ(α) = e
dΛ+

(αβ)edΛ̃(αβ)e−dΛ(αβ)λ(β) , (3.16)

which implies

B(α) = B(β) + dΛ(αβ) ,

C−
(α) = C−

(β) + dΛ+
(αβ) + e−dΛ(αβ)C−

(β) ,

B̃(α) = B̃(β) + dΛ̃(αβ) +
〈
dΛ+

(αβ), e
−dΛ(αβ)C−

(β)

〉
. (3.17)

These correspond precisely to the gauge transformations of the relevant supergravity po-

tentials. Comparing with (2.23), we see, in particular, that the field strengths H = dB

and F =
√

2eBdC− are gauge invariant. The transformation of B̃ similarly matches the

form given in [40], specialised to six dimensions.

Having summarised the key components of the EGG, let us now turn to the issue of

how this structure can be used to describe the hypermultiplet and vector multiplet sectors.

3.3 Hypermultiplet sector

N = 2 supergravity constrains the scalar degrees of freedom in the hypermultiplets to

span a quaternionic-Kähler manifold MQK. Over any such manifold one can construct

a hyperkähler cone MHKC which has one additional quaternionic dimension [23, 24]. In

the following section we briefly review the appearance of Kähler cones in superconformal

supergravity. The metric on the cone is characterised by a single function χ known as the

hyperkähler potential. In section 3.3.3 we then identify how the NS and RR degrees of

freedom can be embedded into an E7(7) EGG structure. We show that they parameterise

a coset known as a “Wolf space” [32, 33], which admits a standard construction of a

hyperkähler cone [35], with an E7(7) invariant expression for the hyperkähler potential.

12The choice of sign for B is conventional, to match the usual generalised geometry B-shift.
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3.3.1 Hyperkähler cones and superconformal supergravity

Superconformal supergravity has as the space-time symmetry group the superconformal

group instead of the super-Poincare group. Using a compensator formalism one can con-

struct superconformally invariant actions and then obtain Poincare supergravity as an

appropriately gauge fixed version. We cannot review the entire subject here but let us

recall the properties relevant for our subsequent discussion following refs. [24, 25].

In the case of N = 2 one adds a compensating vector multiplet and a compensating hy-

permultiplet to the spectrum and couples all multiplets to the Weyl supermultiplet which

contains the gravitational degrees of freedom. One of the resulting features is that the

N = 2 R-symmetry SU(2)R ×U(1)R together with the dilation symmetry are gauged. Fur-

thermore, the dimension of the scalar manifolds are enlarged by one ‘unit’ and its geometry

is altered. For the hypermultiplets this precisely corresponds to the hyperkähler cone con-

struction where the four additional scalar fields of the compensator can be viewed as form-

ing a cone (with one radial direction and an S3) over the quaternionic-Kähler base MQK.

The geometry of this cone is no longer quaternionic-Kähler but instead hyperkähler in that

the three local almost complex structures of MQK lift to globally defined integrable struc-

tures on the cone. Conversely, a quaternionic-Kähler manifold can be viewed as a quotient

MQK =
MHKC

SU(2)R × R+
, (3.18)

where R
+ corresponds to the dilatations and the SU(2)R rotates the three almost complex

structures of MQK.

MHKC can be characterised by a hyperkähler potential χ which is simultaneously a

Kähler potential for all three complex structures. A generic expression for χ in terms of

the three complex structures was given in [23, 24], while for the specific case of hyperkähler

cones which arise from a special geometry via the c-map, χ was determined in refs. [36, 37].

In this case a particularly simple expression results in a gauge where the SU(2)R is partially

fixed to a U(1)R subgroup [36] and one finds13

χ = G−1
0 e−KSK , (3.19)

where KSK is the Kähler potential of special Kähler subspace MSK and G0 contains the

dilaton φ together with the compensator corresponding to the cone direction. More pre-

cisely,14 here KSK = K− and

G−1
0 =

1

2
e

1
2
K−−φ , (3.20)

where in this parameterisation the compensator for the dilatations and the U(1)R are

identified with the degrees of freedom in the pure spinor Φ− which correspond to the

complex rescaling Φ− → cΦ−.15 Inserting (2.13) one finds

χ =
1

2
e−φ

√
i
〈
Φ−, Φ̄−

〉
. (3.21)

13The expression for χ in an arbitrary gauge is given in [37].
14Note that compared to ref. [36] we have a different convention of the dilaton. The dilaton used in that

paper is obtained from the dilaton here by the replacement 2φ → −φ.
15Note that this expression for the compensator also appears in the N = 1 orientifolded version analysed

in ref. [41].
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On the HKC also the expression for the Killing prepotentials Pa change. In ref. [24] it

was found

PHCK
± = χ e±iαP± , PHCK

3 = χP3 , (3.22)

where eiα parameterises the angle variable of the U(1)R, and Pa are the Killing prepoten-

tials on the quaternionic space. In the notation used above eiα is the phase of the scale

parameter c.

3.3.2 Expected coset for hypermultiplet sector

As argued before, we expect the moduli space MQK to be a coset of the form E7(7) /H,

corresponding to defining a particular structure H on the exceptional generalised tangent

space E. Given the coset structure of M−
SK displayed in (2.12), and the fact that this

moduli space is related to MQK by the c-map M−
SK → MQK, we can actually make a

simple conjecture for the form of MQK. For the case of special Kähler coset spaces the

corresponding quaternionic spaces are known [20, 42, 43]. For our particular case, we learn

that the c-map relates

c-map : M−
SK =

O(6, 6)

U(3, 3)
→ MQK =

E7(7)

SO∗(12) × SU(2)
. (3.23)

The map is usually given for the compact real versions of these groups so we have actually

generalised slightly to consider particular non-compact forms16 giving a pseudo-Riemannian

metric of signature (40, 24). The compact version of MQK is one of the well-known Wolf

spaces [32, 33] and has dim(MQK) = 64. We see that as anticipated the U-duality group

E7(7) determines the geometry of the quaternionic-Kähler space, and corresponds to the

space of SO∗(12)×SU(2) structures on E. Furthermore, the dimension 64 precisely matches

the expected supergravity hypermultiplet degrees of freedom: 30 in Φ+ (since it is defined

modulo complex rescalings), 32 in C+ and two more in φ and B̃. The hyperkähler cone

corresponding to the Wolf space given in (3.23) is the space

MHKC =
E7(7)

SO∗(12)
× R

+ , (3.24)

with dim(MHCK) = 68. This space has been studied very explicitly in the mathematical

literature and in particular a hyperkähler potential χ has been given [35]. Let us now use

this construction to verify our expectations.

3.3.3 Hyperkähler cone construction à la Swann

In this section we show explicitly how Φ−, C− together with the dilaton/axion pair (φ, B̃)

parameterise the 64-dimensional Wolf space MQK = E7(7) /(SO∗(12) × SU(2)), give the

construction of the corresponding hyperkähler cone metric on MHKC following [35] and

derive the form of the hyperkähler potential χ.

16The non-compact group SO∗(2n) is a real form of the complex group SO(2n, C) where the elements of

the corresponding Lie algebra are complex matrices of the form
`

A B
−B∗ A∗

´

with A = −AT and B = B†.

For more details see for instance [44].
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The analysis of compact symmetric spaces G/H with quaternionic geometry is due

to Wolf [32] and Alekseevskii [33] who showed there is one such space for each compact

simple Lie group. Swann [23] subsequently identified the corresponding hyperkähler cone

structures, viewing MHKC as an orbit in the adjoint representation under the complexified

G. Koback and Swann then gave an explicit expression of the hyperkähler cone [35]. Here,

we will follow these constructions to give an explicit form of the quaternionic geometry on

E7(7) /(SO∗(12) × SU(2)) in terms of the supergravity degrees of freedom.

The hyperkähler cone MHKC can be viewed as an orbit in the 133 adjoint repre-

sentation in two ways. In the complexified version one starts with an element K+ ∈ e
C
7

corresponding to a highest weight root in the Lie algebra. The space MHKC is then the

orbit of K+ under EC
7 . In this picture K+ is stabilised under 99 elements of EC

7 so that

MHKC is a 133 − 99 = 34 complex-dimensional space. Given a real structure, which for

us means the non-compact real form E7(7), one can identify the complex conjugates of

elements of 133. This defines K− = K̄+ and hence, for each K+ in the orbit, a par-

ticular su(2) subalgebra in the real algebra e7(7) generated by K± and the corresponding

K3 ∼ [K+,K−]. In this second picture MHKC is the orbit of this su(2) algebra, under the

real group E7(7), together with an overall scaling, where the triplet Ka is stabilised by a

66-dimensional SO∗(12) subgroup of E7(7). The overall scaling of Ka represents the radial

direction of the hyperkähler cone, while the SU(2) action on the cone is realized by the

action of the su(2) algebra on itself, rotating the triplet Ka.

As discussed in section 3.1, under SL(2,R)×O(6, 6) the adjoint representation of E7(7)

decomposes as µ =
(
µij, µ

A
B, µ

i−
)

corresponding to 133 = (3,1) + (1,66) + (2,32′)

(see (3.3)). Given an SU(3, 3) structure Φ−
0 as defined in (2.4), we can then identify a

triplet of elements, where K
(0)
± = K

(0)
1 ± iK

(0)
2 ,

K
(0)
+ =

(
0, 0, uiΦ−

0

)
,

K
(0)
− =

(
0, 0, ūiΦ̄−

0

)
,

K
(0)
3 =

1

4
iκ−1

〈
Φ−, Φ̄−

〉 (
(uiūj + ūiuj), (iuū)J −A

0 B , 0
)
. (3.25)

We have also used the fact that
〈
Φ−

0 , Φ̄
−
0

〉
=
〈
Φ−, Φ̄−

〉
and defined

κ =

√
1

2
i
〈
Φ−, Φ̄−

〉
(−iuū) . (3.26)

Here ui is a complex vector transforming as a doublet under SL(2,R), J −
0 is the generalised

complex structure (2.6) defined by Φ−
0 and we abbreviate uv = ǫiju

jvi = uiv
i = −uivi.

The triplet (K
(0)
1 ,K

(0)
2 ,K

(0)
3 ) then satisfies the (real) su(2) algebra

[
K(0)
a ,K

(0)
b

]
= 2κ ǫabcK

(0)
c . (3.27)

We have included an overall scaling κ in the su(2) algebra since, as mentioned above, this

corresponds to the radial direction on the hyperkähler cone.

We would now like to see the action of E7(7) on the triplet K
(0)
a to find the dimension

of the corresponding orbit. In particular we should find that the triplet is stabilised by a
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66-dimensional subgroup of E7(7). We first note that, by definition, Φ−
0 and hence J −

0 are

invariant under SU(3, 3) ∈ O(6, 6) which correspond to 35 stabilising elements. There are

no elements of sl(2,R) which leave ui invariant, though the element

(
uiūj + ūiuj ,−

1

3
(iuū)J−A

0 B , 0

)
(3.28)

in sl(2,R) × so(6, 6) does commute with all three K
(0)
a , and also with the SU(3, 3) action.

Finally we have the action of elements of the form (0, 0, µi−). Without loss of generality

we can write µi− = uiµ− + ūiµ̄−, and then find using (3.6) that, to be a stabiliser, µ− is

required to satisfy

〈
Φ−

0 , µ
−
〉

=
〈
Φ−

0 , µ̄
−
〉

= 0 ,
1

4
J −

0ABΓABµ− = iµ− . (3.29)

Under the SU(3, 3) group defined by Φ−
0 , the 32′ spinor representation decomposes as

1 + 1 + 15 + 1̄5. The conditions (3.29) imply that µ− is in the 15 representation, and

hence we see there are a further 30 real elements in e7(7) which stabilise the K
(0)
a . Thus

together with the su(3, 3) algebra and the element (3.28) we see that the stabiliser group

is 66 dimensional. It is relatively straightforward to show that this group has signature

(30, 36) and hence corresponds to SO∗(12).

We now address how to generate a generic element in the orbit from the specific K
(0)
a

discussed so far. We first note that the O(6, 6) ⊂ E7(7) transformations of Φ−
0 by B

as in (2.4) generate the full O(6, 6) orbit. These transformations are embedded in E7(7)

as in (3.13). On the other hand, SL(2,R) elements simply rotate ui, which was already

assumed to be general. Apart from the SU(2) rotations among the K
(0)
a , the only additional

motion in the orbit comes from elements of the form (0, 0, µi−). We expect that these should

correspond to the RR scalars C−. To see this explicitly, we first recall that 30 of these

leave K
(0)
a invariant, while anything of the form µi− = ARe(uiΦ−) + B Im(uiΦ−) simply

generates part of the SU(2) rotations among the triplet K
(0)
a . The remaining 32 degrees

of freedom can be generated by acting with the RR potential C− embedded in E7(7) as

in (3.13), since it is easy to show that none of these elements leave K
(0)
a invariant. Hence

the generic triplet in the orbit can be written as

Ka = eC
−

eB̃e−BK(0)′
a , (3.30)

where K
(0)′
a are the SU(2) rotation of K

(0)
a , that we can parameterise as

K
(0)′
3 =

1

2
sin θ eiαK

(0)
+ +

1

2
sin θ e−iαK

(0)
− − cos θK

(0)
3 ,

K
(0)′
+ =

1

2
(1 − cos θ)ei(ψ+α)K

(0)
+ − 1

2
(1 + cos θ)ei(ψ−α)K

(0)
− − eiψ sin θK

(0)
3 . (3.31)

Note that the angle α corresponds to an U(1) ⊂ SU(2) phase rotation on K
(0)
+ , which

can be absorbed in Φ−
0 . Similarly the eB̃ action is in SL(2,R) and so is strictly speaking

unnecessary since it can be absorbed in a redefinition of ui. However it is useful to include

it to see the structure of how the supergravity potentials appear. To see that the orbit is
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68-dimensional we note that Φ− and C− each contributes 32 degrees of freedom. In the

original ansatz we can always rescale Φ− → cΦ− and ui → c−1ui for c ∈ C − {0} so there

are really only two new real degrees of freedom in ui. In addition there are two degrees of

freedom in θ and ψ giving a total of 68.

Having given an explicit parameterisation of the coset space, we can now consider the

hyperkähler structure and hyperkähler potential following ref. [35]. The result for the latter

is very simple: at a generic point on MHKC it is given by

χ =

√
−1

8
tr(K+K−) , (3.32)

where the trace is defined in (3.7). Inserting (3.25), (3.30) and (3.31) we find that

χ =

√
1

8
(−iuū)i

〈
Φ−, Φ̄−

〉
=

√
1

8
(−iuū)H(Re Φ−) , (3.33)

where in the second equation we have used (2.13) and (2.20). Note that in fact χ = 1
2κ

where κ was the normalization of the su(2) algebra (3.27) and so is manifestly an SU(2)

invariant. Furthermore, it is independent of C− since it is an E7(7)-invariant function of

Ka, and eC
−

is an E7(7) transformation. Comparing with (3.21) we see that the χ agree if

we identify17

−iuū = 2e−2φ . (3.34)

In section 4.1 we compute the Killing prepotentials which will allow us to determine the

dilaton dependence of u, providing an independent confirmation of (3.34).

In addition to the hyperkähler potential there should be a triplet of complex structures

(I1, I2, I3) acting on vectors in the tangent space of the cone. Recall that a general point

on the cone is defined by the triplet Ka, while a generic vector can be viewed as small

deformation δKa along the cone. A general deformation around the orbit is generated by

the action of some µ ∈ 133 on Ka. To fill out the full cone we also need to consider

rescalings of Ka. Thus a vector in the tangent space of the cone at the point Ka is a triplet

that can be written as

ξa = [µ,Ka] + µ0Ka. (3.35)

for some µ ∈ 133 and µ0 ∈ R
+. Since Ka satisfy the su(2) algebra (3.27), one only needs

to specify two elements (say K1 and K2 or equivalently K+) to determine the triplet.

Similarly, the vector in the tangent space is completely determined by giving only two of

the three ξa. The three complex structures are then most easily defined by picking out

different pairs of ξa to specify the vector. In particular one defines the structure I3 by

taking the vector defined by the pair (ξ1, ξ2) with the simple action

I3 (ξ1 + iξ2) = i (ξ1 + iξ2) , (3.36)

with the corresponding cyclic relations defining I1 and I2.

17In a generic SU(2) gauge, i.e. using χ as found in [37], we would get −iuū = 2e−2φ sin2 θ. This

would not spoil the consistency verified in section 4.1 below, so for convenience we use the gauge fixed

expression (3.21). We thank B. Pioline for discussions on this point.
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3.4 Vector multiplets

We now turn to the vector multiplet moduli space M+
SK. The superconformal supergravity

formalism requires an additional vector multiplet whose scalar degrees of freedom are the

conformal compensator corresponding to the overall scale of Φ+. This adds a U(1) × R
+

factor to the moduli space, turning the local special Kähler geometry M+
SK into a rigid one

M̃+
SK. Both of them are expected to be cosets of the form E7(7) /H, up to an R

+ factor. In

the following section we anticipate the form of the coset. In section 3.4.2 we identify the

embedding of the NS degrees of freedom into an orbit which spans the expected coset, and

show that the Kähler potential is given by the square-root of the E7(7) quartic invariant in

complete analogy to the Hitchin function in the O(6, 6) case.

3.4.1 Expected cosets for vector multiplet moduli space

It is well known [43] which coset manifolds have a local special Kähler geometry and there

is only one candidate based on E7(7)

M+
SK =

E7(7)

E6(2) ×U(1)
. (3.37)

(Again we are actually using a particular non-compact and non-Riemannian version with

signature (30, 24).) There is also the corresponding rigid special Kähler space

M̃+
SK =

E7(7)

E6(2)
× R

+ , (3.38)

such that M+
SK = M̃SK/C

∗.

3.4.2 Explicit construction

We would like to see explicitly how Φ+ can be used to parameterise the special Kähler coset

spaces (3.37) and (3.38) and how the metric on each is defined in terms of E7(7) objects.

The space M̃+
SK is actually what is known as a “prehomogeneous” vector space [45],

that is, it is an open orbit of E7(7) in the 56-dimensional representation. This is in com-

plete analogy to the Φ± moduli spaces, which were open orbits in the spinor representations

32± under O(6, 6). However, it is in contrast to the hypermultiplet space MHKC discussed

above. For us, the main point is that we should be able to realise the space as the orbit

of some embedding of Φ+ in the 56 representation. As discussed in section 3.1, under

SL(2,R) × O(6, 6), the fundamental representation decomposes as λ =
(
λiA, λ+

)
corre-

sponding to 56 = (2,12) + (1,32). We would like to have a real orbit, so it is natural to

start with an embedding

λ(0) =
(
0, ρ+

0

)
, (3.39)

where ρ+
0 = 2Re Φ+

0 . (The factor of two is chosen to match (2.20)).

To check that this is a reasonable choice, we first note that it implies that Φ+ is a

singlet under the S-duality group SL(2,R) ⊂ E7(7). This is exactly what we would expect.

In section 2 we recalled that the dilaton is part of a hypermultiplet, and therefore it should
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not couple to Φ+, implying the latter is a singlet under S-duality. Alternatively, in type

IIA the U(1)R acts on the Spin(6) spinors by the phase rotation ηI+ → eiα/2ηI+. This follows

from (2.2) together with the fact that the four-dimensional supersymmetry parameters ε1+,

ε2+ transform with opposite phases under the U(1)R, while the ten-dimensional ǫ1, ǫ2 are

invariant.18 Using (2.4) we see that Φ+ is a singlet under the U(1)R in type IIA while Φ−

rotates with a phase. This phase rotation is generated by the SU(2)R generator K3 defined

in section 3.3.3. Since (3.25) shows the embedding of SU(2)R into E7(7), we conclude that

Φ+ has to be singlet under the S-duality SL(2,R). Thus we see that embedding Φ+ into

the 56 of E7(7) is also consistent with the action of the N = 2 R-symmetry.

In order to fill out the full orbit, we must act on λ(0) with E7(7) so

λ = g · λ(0) , g ∈ E7(7) . (3.40)

We can see that the dimension of the orbit is indeed 56 by looking at the stabiliser of λ(0).

Using the decomposition (3.3) we see from (3.5) that δλ(0) = 0 holds for the following 78

elements of e7(7): three from the SL(2,R) elements µij, which do not act on λ(0); 35 from

µAB since by construction ReΦ+
0 is stabilised by SU(3, 3) ⊂ O(6, 6); and 40 from µi−,

since they must satisfy
〈
µi−,ΓA Re Φ+

0

〉
= 0, giving 24 conditions for 64 parameters µi−.

Put another way, decomposing under SL(2,R)× SU(3, 3) ⊂ E7(7), the adjoint action of the

stabiliser group transforms as (3,1) + (1,35) + (2,20), which is precisely how the adjoint

of E6(2) decomposes under SL(2,R) × SU(3, 3) ⊂ E6(2).

Since the full orbit for Ka corresponded to a eC
−
eB̃e−B transformation on K

(0)
a we

might expect the same for λ. That is, the generic element is given by

λ = eC
−

eB̃e−Bλ(0) . (3.41)

However, this is not yet the full story. Such transformations do not quite fill out the

orbit. Instead, 12 degrees for freedom are missing. We will come back to this point in the

following section.

As we have mentioned, it is well-known [42, 43, 46] that the space (3.38) admits a

special Kähler metric. We now turn to the explicit construction of this metric, which will

follow exactly Hitchin’s construction of the corresponding special Kähler metric on the

space O(6, 6)/SU(3, 3) × R
+ of ReΦ± [7]. As there, we start with a natural symplectic

structure, since, as discussed in section 3.1, by definition E7(7) preserves a symplectic struc-

ture S(λ, λ′) on the fundamental representation. The complex structure, and hence special

Kähler geometry then arise from the natural generalisation of the Hitchin function (2.20).

Instead of the O(6, 6) spinor quartic invariant we take the quartic invariant Q(λ) in (3.4)

that defines the E7(7) group. We then define the Hitchin function

H(λ) =
√
Q(λ) . (3.42)

As before, one can view H(λ) as a Hamiltonian and define the corresponding Hamiltonian

vector field λ̂, given by, for any ν in the 56 representation,

S(ν, λ̂) = −νA ∂H

∂λA
, (3.43)

18The same argument implies that in type IIB the spinors ηI
+ rotate with opposite phases.
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where A = 1, . . . , 56 runs over the elements of the fundamental representation. Explicitly

we have

λ̂iA =
1

2H

〈
λ+,ΓABλ

+
〉
λiB − 1

H

(
λi · λj

)
λjA,

λ̂+ = − 1

2H

(
1

12

〈
λ+,ΓABλ

+
〉
− ǫijλ

i
Aλ

j
B

)
ΓABλ+ . (3.44)

The complex structure on M̃+
SK is then given by

JSK
A
B =

∂λ̂A

∂λB
. (3.45)

Equivalently the metric on M̃+
SK is given by the Hessian

gSK
AB =

∂H

∂λA∂λB
. (3.46)

Following the same arguments of [7] it is easy to show that this metric is special Kähler.

Finally, note that one can define the holomorphic object, analogous to Φ+,

L =
1

2

(
λ+ iλ̂

)
, (3.47)

such that the Kähler potential is given by

e−KSK = H(λ) = iS(L, L̄) . (3.48)

On the subspace e−Bλ(0) = (0, ρ+) we have

H(λ) =
√
q(ρ+) ,

L = (0,Φ+) ,

JSK · ν =
(
J−A

Bν
iB, J+

Hit · ν+
)
, (3.49)

where q(ρ+) is the spinor quartic invariant (2.21) and J+
Hit is the Hitchin complex struc-

ture (2.9) on the spinor space. Thus we see that the special Kähler metric on R
+ ×

E7(7) /E6(2) reduces to the special Kähler metric on R
+×O(6, 6)/SU(3, 3) on this subspace.

3.5 Hypermultiplets and vector multiplets: compatibility conditions and SU(8)

representations

In this section we turn to the question of compatibility between the structures arising in

the vector multiplet and hypermultiplet sectors.

To start with, note that the vector multiplet moduli space M+
SK is 54-dimensional,

whereas the original O(6, 6)/U(3, 3) space was 30-dimensional, and one would expect

no additional degrees of freedom in this sector. A partial answer to this discrepancy is

that, as in the O(6, 6) case, we expect there to be some compatibility condition between

the hypermultiplet SO∗(12) structure and the vector multiplet E6(2) structure. This

can be seen by considering the way the supergravity degrees of freedom are encoded in
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E7(7). Recall that in the EGG the internal bosonic metric, form-field and axion-dilaton

degrees of freedom are encoded in the exceptional generalised metric (3.14). This defines

an SU(8)/Z2 structure on the exceptional generalised tangent space E. The fermions

in the supergravity transform under the local SU(8) group, as do the supersymmetry

parameters. In particular, recall that for the O(6, 6) case the pair (η1, η2) transforms under

Spin(6) × Spin(6) ≃ SU(4) × SU(4). Thus to see the SU(8) transformation properties we

simply rewrite our original spinor decomposition (2.2) as

(
ǫ1

ǫ2

)
= ε1+ ⊗ (θ1)∗ + ε2+ ⊗ (θ2)∗ + c.c. (3.50)

where (θI)∗ are the complex conjugates of two elements θ1 and θ2 of the 8 representation

of SU(8)

θ1 =

(
η1
+

0

)
, θ2 =

(
0

η2
−

)
. (3.51)

Together, the pair (θ1, θ2) is invariant under SU(6) ⊂ SU(8) transformations. Thus we

see that for N = 2 supersymmetry, comparing the generalised and exceptional generalised

geometries we have the structures

gen. geom.:SU(3) × SU(3) ⊂ O(6) ×O(6) ⊂ O(6, 6)

exceptional gen. geom.:SU(6) ⊂ SU(8)/Z2 ⊂ E7(7) . (3.52)

Thus in general we expect the hypermultiplet SO∗(12) structure and the vector multiplet

E6(2) structure to be constrained such that they have a common SU(6) subgroup, that is,

as embedding in E7(7) compatibility requires

SO∗(12) ∩ E6(2) = SU(6) . (3.53)

Thus together the consistent hypermultiplet and vector multiplet moduli spaces, coming

from the cones MHKC and M̃+
SK, describe the coset space

M̃ =
E7(7)

SU(6)
× R

+ × R
+ , (3.54)

or if we go to MQK and M+
SK, we have E7(7) /(SU(6)×U(2)). The U(2) factor corresponds

to R-symmetry rotations on the two θ1 and θ2. This last space is 94-dimensional with

signature (70, 24), while the sum of the dimensions of MQK and MSK is 118. This implies

that the compatibility condition (3.53) should impose 24 conditions. Let us see if this

is indeed the case: requiring that the SO∗(12) stabiliser of Ka shares a common SU(6)

subgroup with the E6(2) stabiliser of λ translates into the requirement

Ka · λ = 0 , a = 1, 2, 3 , (3.55)

where we are simply taking the adjoint action on the fundamental representation. It

is equivalent to K+ · L = 0 (with L defined in (3.47)). In particular we see from (3.5)
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and (3.25) that

(
K

(0)
+ · L(0)

)iA
= ui

〈
Φ−,ΓAΦ+

〉
,

(
K

(0)
+ · L(0)

)+
= 0 , (3.56)

so, at this point, compatibility is equivalent to the compatibility condition (2.10) between

Φ+ and Φ−, which amounts only to 12 conditions. Thus there are 12 conditions unac-

counted for. On the other hand, if we count up the degrees of freedom in Φ+,Φ−, C−

and φ, B̃ we get 48 + 32 + 2 = 82, while M̃ is 94-dimensional, again leaving 12 degrees of

freedom unaccounted for.

Looking at our spinor ansatz (3.51) we can immediately see what is missing: the

expressions for θ1 and θ2 are not generic. A generic SU(6) structure is given by

θ1 =

(
η1
+

η̃1
−

)
, θ2 =

(
η̃2
+

η2
−

)
. (3.57)

η̃1, η̃2 introduce 16 real new parameters. However, there is a U(2) R-symmetry rotating

the two θI , which can be used to remove four parameters, and therefore there are indeed

precisely 12 new degrees of freedom. The special property of the ansatz (3.51) is that the

SU(6) structure decomposes into SU(3) × SU(3) under O(6, 6) ⊂ E7(7). There is nothing

about this freedom that is special to the E7(7) formulation, we could always have used it

to generalise our original N = 2 ansatz (2.2) even in the O(6, 6) formulation. In terms of

the SU(6) subgroup, these extra degrees of freedom transform in the 6 + 6̄ representation.

Including these degrees of freedom, as we have mentioned, the “local” version of M̃, i.e. the

coset E7(7) /(SU(6)×U(2)) contains 24 non-physical modes beyond the 70 parameterised by

the supergravity degrees of freedom g, B, C− and (φ, B̃). As before, we expect that these

are related to the massive spin-3
2 degrees of freedom and can be gauged away. Alternatively

we can view this as simply projecting out all the 6 and 6̄ degrees of freedom.

Regarding the number of conditions imposed by compatibility, we saw in the previous

section that the generic element λ = eC
−
λ(0) has 44 degrees of freedom and therefore

the action of C− does not fill out the full 56-dimensional orbit M̃+
SK. The missing 12

extra degrees of freedom are precisely those that correspond to using the generic spinor

ansatz (3.57). Thus we can write the generic element λ in the form (3.41), provided

λ(0) = g̃(0, ρ+) where g̃ ∈ SU(6) ⊂ SU(8)/Z2 ⊂ E7(7) is the element which transforms the

restricted ansatz (3.51) to the general form (3.57). Equivalently we can write λ in the

terms of the SU(8)/Z2 decomposition (3.8) of E7(7), as

λ = (λαβ , λαβ) = eC
−

eB̃e−Bλ(0) ,

λ(0)αβ = ǫIJθ
IαθJβ , λ̄

(0)
αβ = ǫIJθ

I∗
α θ

J∗
β , (3.58)

where ǫ12 = −ǫ21 = 1 and θI are the generic spinors (3.57). In this form, it is easy

to see that λ is invariant under SU(2)R. For a generic element in the 56, compatibility

requirement (3.55) amounts to 24 conditions, as opposed to 12 for the case of λ belonging

to the 44-dimensional orbit.
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From a supergravity perspective the appearance of C− in the vector multiplet sector is

unexpected, since in simple Calabi-Yau models it corresponds to a hypermultiplet degree

of freedom. Equally odd is that the moduli space O(6, 6)/SU(3, 3) × R
+ spanned by Φ+

has been promoted to the larger space (3.38). As we have discussed these extra degrees of

freedom can be accounted for by compatibility condition (3.55) and the generalised spinor

ansatz (3.57). It is helpful to note, however, that if we project out all the SU(3) × SU(3)

triplets (or equivalently the SU(6) representations 6 and 6̄), then the moduli spaces of

λ and Φ+ agree, and C− does not appear in the vector multiplet sector. As we argued,

projecting out the triplets precisely ensures the absence of additional (massive) spin-3
2

gravitino multiplets. Their presence would change the standard form of the N = 2 super-

gravity and in particular the decoupling of vector multiplets and hypermultiplets would no

longer hold. The construction presented here shows that if we include all representations

then we can rewrite the field space in terms of E7(7) objects, but with vector multiplet and

hypermultiplet moduli spaces coupled through the compatibility condition (3.55). The ex-

pectation is that the additional (non-physical) coupled degrees of freedom are associated

to the massive spin-3
2 multiplets and can be gauged away.

In the previous sections, we actually always used the restricted SU(3) × SU(3) spinor

ansatz given by (3.51) when making explicit calculations. This means that we do not quite

fill out the true moduli spaces. Nonetheless our final expressions are written as though all

the structures were generic, so that, although we calculated in a slightly restricted case, we

believe the resulting formulas are in fact true in general. One key point, as we will see, is

that the ansatz (3.51) is general enough to encode the generic supersymmetricN = 1 vacua.

Let us end this section by noting that the coset space MQK describing the hypermul-

tiplet moduli space can also be simply described in terms of the SU(8)/Z2 decomposition

of E7(7) directly as bilinears of the SU(8) spinors θI . Using the notation of (3.8) we have

Ka = (Ka
β
β,K

αβγδ
a , K̄a αβγδ) = eC

−

eB̃ e−B e−φK(0)
a

K(0)
a

α
β =

1

2
σa I

JθI αθ̄J β , K(0)αβγδ
a = 0 , K̄

(0)
a αβγδ = 0 , (3.59)

where σa are the Pauli matrices, eC
−

is the action of the RR scalars C− in E7(7) as above,

eB̃ is the axion action in SL(2,R) ⊂ E7(7) and e−B is just the usual action of the NS B-field

in O(6, 6) embedded in E7(7). Here we span the full 63-dimensional subspace just using the

restricted ansatz (3.51). This reproduces (3.25) in the gauge (3.34). From (3.50) we see

that the SU(2)R R-symmetry acts on the doublet θI . Given the form (3.59), this translates

into rotations of the triplet Ka as expected. It is also easy to check compatibility with λ,

namely using (3.58) and (3.9) we see that Ka · λ = 0.

4 Killing prepotentials and N = 1 vacua

Thus far we have identified how the vector multiplet and hypermultiplet degrees of free-

dom are naturally encoded as orbits in the fundamental and adjoint representations of

E7(7) respectively. In particular we have identified the corresponding special Kähler and

quaternionic geometries which govern the kinetic terms of the fields.
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In this section we turn first to the Killing prepotential terms in the N = 2 action,

which encode the gauging of the vector multiplets and the scalar potential, and second, we

briefly discuss the form of the N = 1 supersymmetric vacua equations in this formulation.

Both objects, unlike the kinetic terms, now depend on the differential structure of the

EGG, but, as we will see, can still be written in E7(7) form.

4.1 Killing prepotentials

Since we are interested in the differential structure, we start by introducing an embedding

of the exterior derivative d in E7(7). Taking a slightly different version of the EGT, the one

weighted by (Λ6T ∗M)−1/2 (see (A.5), (A.6)), namely

E−1/2 = TM ⊕ T ∗M ⊕ Λ5TM ⊕
(
TM ⊗ Λ6TM

)
⊕ ΛevenTM , (4.1)

we then embed the exterior derivative d in the one-form component T ∗M . In the notation

of eq. (3.2) this defines an element of the 56

D = (DiA,D+) = (vidA, 0) , A = 1, . . . , 12 , (4.2)

where the operator dA only has entries in its ‘lower’ six components, i.e. dA = (0, ∂m)

where m = 1, . . . , 6.

The form of the N = 2 prepotentials (2.22) and (3.22) suggests that the Killing pre-

potentials on the hyperkähler cone can be written in terms of E7(7) objects as

PHKC
a = iS(L,DKa) , (4.3)

where the symplectic pairing S is defined in (3.4) and DKa represents the 56 component

in the product 56 × 133, that is, the usual action of the adjoint on the fundamental

representation. Let us show that this is indeed the case. We will give the proof for the

slightly restricted ansatz (3.51). However, given it can be put in E7(7) form, we believe it

to be true in general.

We first note that the compatibility conditions (3.55) imply that an SU(2) rotation

on Ka simply rotates the prepotentials Pa as expected. In particular the terms with

derivatives of the rotation matrix drop out. Thus in calculating (4.3) we can effectively take

K
(0)′
a = K

(0)
a in (3.31), and hence Ka = eC−eB̃e−BK

(0)
a . We also have L = eC

−
eB̃e−BL0 so

we can rewrite S(L,DKa) = S(eB̃e−BL0, e
−C−

DKa). The explicit calculation of e−C
−
DKa

is given in appendix B. Using eB̃e−BL0 = (0,Φ+) we then find

PHKC
+ = iS(L,DK+) = i(uv)

〈
Φ+,dΦ−

〉
,

PHKC
− = iS(L,DK−) = i(ūv)

〈
Φ+,dΦ̄−

〉
,

PHKC
3 = iS(L,DK3) = −i

(uv)(ūv)√
−2iuū

√
i
〈
Φ−, Φ̄−

〉 〈
Φ+,dC−

〉
. (4.4)

The next step is to compare these expressions with (3.22) and (2.22). We find

uv = −2e
1
2
K−+φχ eiα ,

(uv)(ūv)√
−2iuū

√
i
〈
Φ−, Φ̄−

〉
= e2φχ . (4.5)
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Inserting the first equation into the second and using (2.13), we confirm eq. (3.33) for the

the hyperkähler potential, and thus are left with

uv = −
√
−1

2
iuū eφeiα . (4.6)

We have already argued that the conformal compensator degrees of freedom Y correspond

to a common rescaling of ui. Using a parameterisation adapted to the convention of

appendix A where we take v1 = 1 and v2 = 0, we write 19

(
u1

u2

)
= Y

(
S

−1

)
. (4.7)

Since ui transforms as an SL(2,R) doublet according to

(
u1

u2

)
→
(
a b

c d

)(
u1

u2

)
, ad− bc = 1 , (4.8)

one checks that S indeed transforms by fractional linear transformations

S → −aS − b

cS − d
. (4.9)

Inserting (4.7) (or its covariant version, as in footnote 19) into (4.6) yields

Y = reiα = −uv , S − S̄ = 2ie−2φ . (4.10)

As anticipated the comparison of the Killing prepotentials successfully determined the

dilaton dependence in ui. Inserting back (4.10) into (3.33) we indeed find the hyperkähler

potential χ as given in (3.21), where, in the O(6, 6) version, one uses the rescaling ambiguity

between ui and Φ− mentioned below (3.31) to interpret
√
r as the overall scale of Φ−.

We also note that, as expected we can generate the axion component of S by the B̃-

transformation SL(2,R) action given in (3.13). Explicitly, if we get the map

u(0) = Y

(
ie−2φ

−1

)
7→ (eB̃)iju

(0) j = Y

(
ie−2φ

−1

)
+ Y

(
B̃

−1

)
= Y

(
S

−1

)
, (4.11)

where S = B̃ + ie−2φ.

4.2 N = 1 vacuum equations

We now turn to a brief discussion of how the equations defining the N = 1 vacua for

type II compactifications [6] can be reformulated in E7(7) language. We will simply give a

sketch of the form of the corresponding equations leaving a full analysis for future work.

Specifically we give E7(7) expressions which encode the N = 1 equations in their O(6, 6)

spinor components, and then discuss to what extent these hold in general.

19Introducing an orthogonal vector ωi (such that vω = 1) we can also write more covariantly, u =

Y (Sv + ω).
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Recall that defining an N = 1 vacuum picks out a particular preserved supersymmetry

in the N = 2 effective theory breaking the SU(2)R symmetry to U(1)R. Correspondingly,

as discussed in [10, 11], one can identify the N = 1 superpotential W as a complex linear

combination of the N = 2 Killing prepotentials Pa. The remaining orthogonal combination

is then related to the N = 1 D-term. Concretely, given the decomposition (3.50), one

identifies the preserved N = 1 supersymmetry as ε = n̄IεI where nI is a normalised

SU(2)R doublet n̄I (satisfying n̄InI = 1). Writing n1 = a and n2 = b̄, one then has the

U(1)R doublet and singlet combinations

eK/2W = eK
+/2waPa, (w+, w−, w3) =

(
a2,−b̄2,−2ab̄

)
,

D = raPa. (r+, r−, r3) =
(
ab, āb̄, |a|2 − |b|2

)
, (4.12)

corresponding to the superpotential and D-term respectively.20

In general the equations governing N = 1 vacua [6] should be obtainable by extremising

the superpotential and setting the D-term to zero [16, 17]. Using the parameterisation

above, the preserved supersymmetries take the form

ǫ = ε+ ⊗ eA/2 θ∗ + c.c. , where θ =

(
aη1

+

b̄η2
−

)
, (4.13)

and A is the warp factor in front of the four-dimensional metric. In the special case of |a|2 =

|b|2, and for zero cosmological constant on the four-dimensional space, the corresponding

equations, in our conventions, are [16, 47]

d
(
e3A−ϕΦ′+

)
= 0 ,

[
d
(
e−ϕ ReΦ′−

)
− iG

]∣∣
1,0

= 0 ,

d
(
e2A−ϕ Im Φ′−

)
= 0 . (4.14)

where

Φ′+ = ab̄Φ+ , Φ′− = abΦ− , (4.15)

while ϕ is the ten-dimensional dilaton and |1,0 represents the projection onto the +i

eigenspace using the Hitchin complex structure J+
Hit. From (4.12) it is not hard to see

that the first two equations in (4.14) can essentially be obtained from variations of the

superpotential while the third one corresponds to the D-term equation.

An important point here is that although our original parameterisation of the N =

2 supersymmetries was not completely generic, the N = 1 vacuum parameterisation is

generic. Recall that the N = 2 SU(8) spinor ansatz given in (3.50) is restricted since some

components vanish. Nonetheless, the N = 1 supersymmetry (4.13) can be written with

this ansatz as aθ1 + b̄θ2 and is completely generic. The stabiliser of θ is SU(7). Thus,

20 This is equivalent to making an SU(2)R rotation by the matrix

M
I

J =

 

a b̄

−b ā

!

, |a|2 + |b|2 = 1 .
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in terms of structures, since the N = 1 vacuum is determined solely by θ, it defines a

particular SU(7) structure on the exceptional generalised tangent space E. By contrast,

as we have seen, to define the N = 2 effective theory, we require two spinors θ1 and θ2

defining a SU(6) structure.

In the language of E7(7), the preserved N = 1 symmetry picks a particular complex

structure on the hyperkähler cone, and uses it to define the N = 1 chiral field inside the

hypermultiplet. In terms of ωa, ra, this reads21

K
(0)′
3 = raK(0)

a , K
(0)′
+ = waK(0)

a , (4.16)

where K ′
3 corresponds to the particular N = 1 complex structure and K ′

+ defines the chiral

field. Parameterising a and b as

a = sin
1

2
θeiγ , b = cos

1

2
θeiβ , (4.17)

and defining ψ ≡ γ − β, α ≡ γ + β, we get raK
(0)
a = K

(0)′

3 then matches the expres-

sions (3.31). As mentioned before, γ + β can be identified with the U(1)R angle α in the

compensator Y (see eq. 4.10), while θ and γ − β are the Euler angles. From the expres-

sion (4.15) for Φ′+ we see that there should be a rescaling of L by ab̄. Given the SU(8)

covariant expression (3.58) we see that the phase of this rescaling corresponds to diagonal

U(1) in the U(2)R symmetry given by θI 7→ ei(γ−β)/2θI .

For the case |a|2 = |b|2 = 1 corresponding to θ = −π/2, given we can always absorb

two phases by redefining η1 and η2, without loss of generality we can set γ+ β = α = π/2,

and ψ = π/2, so that

K
(0)′
3 = K

(0)
2 , K

(0)′
+ = −K(0)

1 + iK
(0)
3 . (4.18)

By comparing the expressions (3.25) and (3.49) for K
(0)′
a and L one is led the naive con-

jecture for the generic E7(7) form of the N = 1 equations

D
(
e3A−ϕL

)
= 0 , (4.19)

DK+|1,0 = 0 , (4.20)

D
(
e2AK3

)
= 0 . (4.21)

Here Ka = eC
−
e−BK

(0)′
a and the projector |1,0 now projects onto the +i eigenspace of

JSK, the complex structure on the 56 representation defined by L and given in (3.45).

Furthermore, in the first line we are taking the projection onto the 133 representation of

DL ∈ 56 × 56. Finally we also choose Y = e−ϕ in the expression (4.7) for ui.

To investigate to what extent these equations hold, we again focus on the simple

|a|2 = |b|2 case. Consider first the equation (4.19) for L. We need the projection onto the

21One can also derive these expressions from (3.59), rotating the SU(8) spinors θI by the matrix M given

in footnote 20.
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133 representation of the symmetric 56 × 56 tensor product. It is given by

(
λ · λ′

)i
j

= 2ǫjk(λ
i · λ′k) ,

(
λ · λ′

)A
B

= 2ǫij
[
(λiAλ′jB) + (λ′iAλjB)

]
+
〈
λ+,ΓABλ

′+
〉
,

(
λ · λ′

)i−
=
(
λiAΓAλ

′+ + λ′iAΓAλ
+
)
. (4.22)

Writing L = eC
−
e−BL0 = eC

−
(0,Φ+), using the same generalised connection as in ap-

pendix B one finds

e−C
−

D
(
e3A−ϕL

)i
j

=
√

2e3A−ϕvivj
〈
Φ+, G

〉
,

e−C
−

D
(
e3A−ϕL

)A
B

= 0 ,

e−C
−

D
(
e3A−ϕL

)i−
= vid

(
e3A−ϕΦ+

)
, (4.23)

where we have used G =
√

2dC−. We see that the spinor component D(e3A−ϕL)i− =

0 indeed reproduces the first equation (4.14). The other components vanish provided〈
Φ+, G

〉
= 0, but it is easy to see that this is implied by the first equation in (4.14).

Let us now turn to the hypermultiplet equations. Using the results in appendix B and

the relations (4.18) we find for the spinor components

e−C
−

D
(
e2AK3

)+
= d

[
e2A(uv) Im Φ−

]
,

e−C
−

(DK+)+ = −d
[
(uv)Re Φ−

]
− i

(uv)(ūv)√
−2iuū

√
i
〈
Φ−, Φ̄−

〉
dC− (4.24)

Given Y = e−ϕ we have

uv = −e−ϕ , −iuū = 2e−2ϕe−2φ = 2e−4ϕ vol6 , (4.25)

where we have used (2.18). Since in our conventions, i
〈
Φ−, Φ̄−

〉
= 8vol6 (see for in-

stance (2.19)) we then have

e−C
−

D
(
e2AK3

)+
= −d

(
e2A−ϕ Im Φ−

)
,

e−C
−

(DK+)+ = d
(
e−ϕRe Φ−

)
− iG, (4.26)

On the subspace L = e−BL(0) = (0,Φ+), by equation (3.49), we have for the spinor

component of the 56 that (JSK · ν)+ = J+
Hit · ν+. Hence we see that the spinor components

of (4.20) and (4.21) do indeed reproduce the corresponding equations in (4.14).

In summary, we see that we have reproduced the N = 1 vacuum equations in E7(7)

form. The L equation is equivalent to the first equation in (4.14). Decomposing into

SL(2,R)×O(6, 6) representations we see that spinor components of the Ka equations (4.20)

and (4.21) are equivalent the the second and third equations in (4.14). However, it is harder

to see how the vector components of these equations can be implied by supersymmetry. It

seems likely that one would need to take further projections to get a consistent E7(7) form

of the equations.
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5 Conclusions

In this paper we studied N = 2 backgrounds of type II string theory from a geometric

viewpoint where the U-duality group is manifest. The formalism we have used, known as

extended or exceptional generalised geometry, has been developed in refs. [27, 28] and is an

extension of Hitchin’s generalised geometry [7]. The latter framework “unifies” the tangent

and cotangent bundles, such that the T-duality group acting on the degrees of freedom in

the NS-sector is manifest. Incorporating the RR-sector requires a formalism where the full

U-duality group acts on some even larger generalised tangent bundle.

For the case at hand the T-duality group is O(6, 6) and the NS degrees of freedom are

most conveniently represented by two pure spinors Φ±. Each of them is invariant under

an SU(3, 3) action and thus parameterises a specific O(6, 6) orbit corresponding (after a

quotient by C
∗) to the special Kähler cosets MSK = O(6, 6)/U(3, 3). Together, given

a compatibility condition, the two spinors define an SU(3) × SU(3) structure. The two

SU(3) factors correspond to the invariance groups of the two six-dimensional spinors used

to define the N = 2 background. Incorporating the RR degrees of freedom enlarges the

T-duality group to the U-duality group E7(7) which contains SL(2,R)×O(6, 6) as one of its

subgroups. Furthermore, N = 2 requires that one of the special Kähler cosets is promoted

to a quaternionic Kähler manifold by means of the c-map [20].

In this paper we showed that the NS and RR degrees of freedom which popu-

late N = 2 hypermultiplets can be embedded into the 133 adjoint representation

of E7(7) and that they parameterise an E7(7) orbit corresponding to the Wolf-space

MQK = E7(7) /(SO∗(12) × SU(2)) which is indeed quaternionic-Kähler. A point in the

orbit is defined by a triplet of real elements Ka fixing an SU(2) subgroup of E7(7).

The SU(2) action is the R-symmetry of the N = 2 theory. We also constructed the

corresponding hyperkähler cone and hyperkähler potential following refs. [23, 34, 35] and

showed agreement with the expressions given in [36, 37].

Similarly, we demonstrated that the degrees of freedom which reside in N = 2

vector multiplets can be embedded into a complex element L of the 56 fundamental

representation of E7(7). This parameterises an E7(7) orbit, corresponding, after a C
∗

quotient, to the special Kähler coset MSK = E7(7) /(E6(2) ×U(1)). Again the U(1) factor

is an R-symmetry, which combines with the SU(2) factor from the hypermultiplets to give

U(2)R. The corresponding Kähler potential is given by the logarithm of the square root of

the E7(7) quartic invariant in complete analogy with the appearance of the Hitchin function

invariant in the O(6, 6) formalism [7, 10, 11]. We noted that to fill out the full E7(7)

orbit in the 56 representation requires generalising the original N = 2 spinor ansatz to

its most generic form (3.57). These six-dimensional spinors transform in the fundamental

representation of the local U-duality group SU(8). By considering an N = 2 background

one picks out two SU(8) spinors defining an SU(6) structure which decomposes into

SU(3) × SU(3) under the T-duality subgroup. Correspondingly, there is a compatibility

condition between the hypermultiplet Ka and vector multiplet L such that together they

are indeed invariant under a SU(6) subgroup of E7(7).

Finally, the Killing prepotentials (or moment maps) Pa which determine the scalar
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potential and couple the two sectors, can also be given in an E7(7) language. Unlike the

kinetic term moduli spaces, the prepotentials depend on the differential structure of the

exceptional generalised geometry. Nonetheless they also take a simple form in terms of

E7(7) objects which we demonstrated agrees with the expressions calculated in [11]. We

ended by considering supersymmetric N = 1 backgrounds. Without giving a complete

description we showed that there are natural E7(7) expressions which encode the supersym-

metry conditions. However, there are indications that these probably require additional

projections to give a fully consistent E7(7) form.

There are a number of natural extensions of this work one could consider. First is

of course to consider other dimensions and numbers of preserved supersymmetries [48].

The former corresponds to exceptional generalised geometry with different Ed(d) U-duality

groups, while the latter correspond to different preserved structures within these groups.

It is important to note that the formulation presented here is not E7(7) covariant: in

particular the E7(7) symmetry is broken by picking out the particular GL(6,R) subgroup

which acts on the tangent space. The actual symmetry group for the supergravity theory

is a semidirect product of this diffeomorphism symmetry group with the gauge potential

transformations given in (3.17). Together these form a parabolic subgroup of E7(7). Our

formalism is covariant with respect to this subgroup. One could also consider more general

so-called “non-geometrical” backgrounds [49], which in some sense incorporate more of the

full U-duality group. From the evidence of the O(6, 6)-formulation, one expects the E7(7)

expressions for the kinetic and potential terms would hold in this more general context.

Furthermore, there also seems to be an intriguing relation between the moduli spaces which

we discussed in this paper and the charge orbits and moduli spaces of extremal black hole

attractor geometries [50].22

One could also consider what this formulation implies for the topological string, which

describes the vector multiplet sector of type II supergravity. It has been argued [51] that the

O(6, 6) Hitchin functionals are the actions of the corresponding target space theories. In

the E7(7) formalism, we have seen that the kinetic terms are now described by the analogue

of a Hitchin function on R
+ × E7(7) /E6(2) given by the square-root of the E7(7) quartic

invariant. Interestingly, as in the O(6, 6) case this space is also a so-called “prehomogeneous

space”, implying it is an open orbit in the 56 dimensional representation. It would be very

interesting to see how the one-loop calculations of ref. [52] are encoded in this U-duality

context, and how this is connected to the extension of the topological string to M-theory.

Acknowledgments

This work is supported by DFG — The German Science Foundation, the European RTN

Programs HPRN-CT-2000-00148, HPRN-CT-2000-00122, HPRN-CT-2000-00131, MRTN-

CT-2004-005104, MRTN-CT-2004-503369. M.G. is partially supported by ANR grant

BLAN06-3-137168.

We have greatly benefited from conversations and correspondence with P. Cámara, S.
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A A GL(6, R) subgroup of E7(7)

We would like to identify a particular embedding of GL(6,R) in SL(2,R)×O(6, 6) ⊂ E7(7).

This will correspond to the action of diffeomorphisms on the exceptional tangent space in

the EGG. For the O(6, 6) factor, we simply take the embedding of GL(6,R) that arises

in generalised geometry. If a ∈ GL(6,R) acts on vectors y ∈ TM as y 7→ ay, then

GL(6,R) ⊂ O(6, 6) acts on the fundamental 12 representation as, given y+ξ ∈ TM⊕T ∗M ,

(
y

ξ

)
7→
(
a 0

0 (a−1)T

)(
y

ξ

)
. (A.1)

We also choose to embed GL(6,R) in the SL(2,R) factor so that, an SL(2,R) doublet wi

transforms as (
w1

w2

)
7→
(

(det a)−1/2 0

0 (det a)1/2

)(
w1

w2

)
. (A.2)

Putting these two ingredients together implies that elements λ = (λiA, λ+) of the 56

representation of E7(7), decomposing under GL(6,R), transform as sections of a bundle

E0 =
(
Λ6T ∗M

)−1/2 ⊗
[
TM ⊕ T ∗M

⊕Λ5T ∗M ⊕
(
T ∗M ⊗ Λ6T ∗M

)
⊕ ΛevenT ∗M

]
, (A.3)

where

λ1A ∈
(
Λ6T ∗M

)−1/2 ⊗
[
Λ5T ∗M ⊕

(
T ∗M ⊗ Λ6T ∗M

) ]
,

λ2A ∈
(
Λ6T ∗M

)−1/2 ⊗
[
TM ⊕ T ∗M

]
,

λ+ ∈
(
Λ6T ∗M

)−1/2 ⊗ ΛevenT ∗M . (A.4)

It will be helpful to also define spaces weighted by a power of Λ6T ∗M so

Ep = (Λ6T ∗M)p ⊗ E0 , (A.5)

such that

E ≡ E1/2 = TM ⊕ T ∗M ⊕ Λ5T ∗M ⊕
(
T ∗M ⊗ Λ6T ∗M

)
⊕ ΛevenT ∗M ,

E−1/2 = TM ⊕ T ∗M ⊕ Λ5TM ⊕
(
TM ⊗ Λ6TM

)
⊕ ΛevenTM . (A.6)

Thus we can write a general element of E as

λ = y + ξ + ν + π + λ+ ∈ E , (A.7)

where y ∈ TM , ξ ∈ T ∗M , ν ∈ Λ5T ∗M , π ∈ T ∗M ⊗Λ6T ∗M and λ+ ∈ ΛevenT ∗M such that

the (2,12) components are λ2A = ym+ξm and λ1m = νm1...6 (with νmm1...m6
= 6δm[m1

νm2...m6])

and λ1
m = πm,1...6.

– 33 –



J
H
E
P
0
7
(
2
0
0
9
)
1
0
4

One can also make a corresponding decomposition of the adjoint representation. We

find

A0 = (TM ⊗ T ∗M) ⊕ Λ2TM ⊕ Λ2T ∗M

⊕R ⊕ Λ6T ∗M ⊕ Λ6TM ⊕ ΛoddT ∗M ⊕ ΛoddTM , (A.8)

where µ = (µij, µ
A
B , µ

i−) ∈ A0 has

µ1
1 = −µ2

2 ∈ R , µ1
2 ∈ Λ6T ∗M , µ2

1 ∈ Λ6TM ,

µAB ∈ (TM ⊗ T ∗M) ⊕ Λ2TM ⊕ Λ2T ∗M ,

µ1− ∈ ΛoddT ∗M , µ2− ∈ ΛoddTM . (A.9)

We also define Ap = (Λ6T ∗M)p ⊗A0.

Note that we can identify a subgroup of E7(7) generated by the forms in A0. Introducing

a vector vi with v1 = 1 and v2 = 0, we can write them in a more covariant way as

µij = B̃1...6v
ivj , B̃ ∈ Λ6T ∗M ,

µAB =

(
0 0

B 0

)
, B ∈ Λ2T ∗M ,

µi− = viC− , C− ∈ ΛoddT ∗M , (A.10)

with the sub-algebra in e7(7)

[
B + B̃ + C−, B′ + B̃′ + C−′

]
= 2
〈
C−, C−′

〉
+B ∧ C−′ −B′ ∧ C− , (A.11)

that is, the commutator corresponds to a transformation with B̃′′ = 2
〈
C−, C−′

〉
and C−′′ =

B ∧ C−′ − B′ ∧ C−. Note that this Lie algebra is nilpotent with index four. The adjoint

action of the subalgebra on an element λ = y + ξ + ν + π + λ+ is given by

(
B + B̃ + C−

)
· λ = −iyB +

(
iyB̃ +

〈
C−, ̂λ+

〉)

+
(
jB ∧ ν + jξ ∧ B̃ +

〈
C−, jλ+

〉)
+B ∧ λ+ , (A.12)

where we are using the notation that the symbol j denotes the pure T ∗M index of T ∗M ⊗
Λ6T ∗M and the symbol ̂ denotes the TM index of TM⊗Λ6T ∗M ≃ Λ5T ∗M . In particular,

given for any one-form γ, the element
〈
C−, ̂λ+

〉
∈ Λ5T ∗M is given by

γ ∧
〈
C−, ̂λ+

〉
=
〈
C−, γ ∧ λ+

〉
. (A.13)

while the elements jB∧ν and
〈
C−, jλ+

〉
in T ∗M⊗Λ6T ∗M are given by, for any vector ym,

ym (jB ∧ ν)m,m1...m6
=
(
iyB ∧ ν

)
m1...m6

,

ym
(
jξ ∧ B̃

)
m,m1...m6

=
(
iyξ
)
B̃m1...m6 ,

ym
〈
C−, jλ+

〉
m,m1...m6

=
〈
C−, iyλ

+
〉
m1...m6

. (A.14)
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B Computing DKa

We would like to calculate the derivative DKa where D ∈ 56 is the embedding of

the exterior derivative given by (4.2) and in the action of D on Ka we project onto

the 56 representation.

It will be useful to introduce explicit indices for the components of the 56 and 133

representations. Viewed as elements of the larger symplectic group Sp(56,R) ⊃ E7(7) we can

write DA, and KAB
a = KBA

a , where A,B = 1, . . . , 56 . One then has (DKa)
C = SABD

AKBC
a

where SAB is the symplectic structure (3.4). Given µAB ∈ 133 and some E7(7) group

element g such that µ′ = gµ we have

(Dµ′)C = SABD
A
(
gBB′gCC′µB

′C′
)

= gCC′ g−1A′

ASA′B′

[
DAµB

′C′

+ AAB′

Bµ
BC′

+ AAC′

Bµ
B′B
]
, (B.1)

where we have used SA′B′gA
′

Ag
B′

B = SAB and have introduced the generalised connection

AAB
C = g−1B

D

(
DAgDC

)
∈ 56 × 133 . (B.2)

We now specialize to the case where g = eC−. Given D = (vidA, 0) and using (3.13)

and (3.6) we then have g−1A′

AD
A = DA′

.23 Hence the connection is given by

(
e−C

−

DAeC
−)B

C
= DAδBC + AAB

C . (B.3)

This can then be calculated using a variant of the Baker-Campbell-Hausdorff formula

which, in this context, reads

e−C
−

dAeC
−

= dA · 1 + dAC− +
1

2!

[
dAC−, C−

]
+

1

3!
[[dAC−, C−], C−] + . . . . (B.4)

This series truncates at second order with the only non-vanishing component24

[dAC−, C−]ij = 2vivj
〈
dAC−, C−

〉
. (B.5)

Given (e−C
−
DAKa)

BC =
[
(e−C

−
DAeC

−
)e−BK

(0)
a

]BC
and using (3.25) and the adjoint ac-

tion of the generalised connection we find the nonzero components

(
e−C

−

DiAK+

)j
k

= vi
〈
dAC−,Φ−

〉 (
vjuk + ujvk

)
,

(
e−C

−

DiAK+

)B
C

= vi(uv)
〈
dAC,ΓBCΦ−

〉
,

(
e−C

−

DiAK+

)j−
= vidA

(
ujΦ−

)
− vi(uv)

〈
dAC−, C−

〉
vjΦ− , (B.6)

23Note that more generally all the form field transformations leave D invariant, that is, e−C−

D = e−B̃D =

eBD = D.
24We have vivi = ǫijvivj = 0.
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with (e−C
−
DAK−)BC given by complex conjugation and

(
e−C

−

DiAK3

)j
k

=
1

4
vidA

[
κ−1i

〈
Φ−, Φ̄−

〉
(uj ūk + ūjuk)

]
− 1

4
viiκ−1

〈
Φ−, Φ̄−

〉

×
〈
dAC−, C−

〉 [
(uv)(vj ūk + ūjvk) + (ūv)(vjuk + ujvk)

]
,

(
e−C

−

DiAK3

)B
C

= −1

4
vidA

[
κ−1i

〈
Φ−, Φ̄−

〉
(−iuū)J B

C

]
,

(
e−C

−

DiAK3

)j−
= −1

4
viκ−1i

〈
Φ−, Φ̄−

〉

×
[ (

(ūv)uj + (uv)ūj
)
dAC− − 1

4
vj(uū)JBCΓBCdAC−

]
. (B.7)

Using (B.1) and (3.5) to project on the 56 component we then have

e−C
−(
DK+

)iA
= vi(uv)

(〈
dAC−,Φ−

〉
+
〈
Φ−,ΓABdBC−

〉)
,

e−C
−(
DK+

)+
= d

[
(uv)Φ−

]
, (B.8)

with again the complex conjugate expressions for DK− and

e−C
−(
DK3

)iA
=

1

4
dA
[
κ−1i

〈
Φ−, Φ̄−

〉 (
(ūv)ui + (uv)ūi

)]

−1

4
vidB

[
κ−1i

〈
Φ−, Φ̄−

〉
(−iuū)J A

B

]

−1

2
κ−1vi(uv)(ūv)i

〈
Φ−, Φ̄−

〉〈
dAC−, C−

〉
,

e−C
−(
DK3

)+
= −1

2
κ−1i

〈
Φ−, Φ̄−

〉
(uv)(ūv)dC− . (B.9)
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B. de Wit, M. Roček and S. Vandoren, Hypermultiplets, hyperKähler cones and

quaternion-Kähler geometry, JHEP 02 (2001) 039 [hep-th/0101161] [SPIRES]; Gauging

isometries on hyperKähler cones and quaternion-Kähler manifolds,

Phys. Lett. B 511 (2001) 302 [hep-th/0104215] [SPIRES].

[25] A. Van Proeyen, Lecture notes on N = 2 supergravity,

http://itf.fys.kuleuven.be/˜toine/LectParis.pdf.

[26] C.M. Hull and P.K. Townsend, Unity of superstring dualities, Nucl. Phys. B 438 (1995) 109

[hep-th/9410167] [SPIRES].

[27] C.M. Hull, Generalised geometry for M-theory, JHEP 07 (2007) 079 [hep-th/0701203]

[SPIRES].

[28] P.P. Pacheco and D. Waldram, M-theory, exceptional generalised geometry and

superpotentials, JHEP 09 (2008) 123 [arXiv:0804.1362] [SPIRES].

[29] P.C. West, E11 and M-theory, Class. Quant. Grav. 18 (2001) 4443 [hep-th/0104081]

[SPIRES]; E11, SL(32) and central charges, Phys. Lett. B 575 (2003) 333 [hep-th/0307098]

[SPIRES].

[30] T. Damour, M. Henneaux and H. Nicolai, E10 and a ’small tension expansion’ of M-theory,

Phys. Rev. Lett. 89 (2002) 221601 [hep-th/0207267] [SPIRES];

A. Kleinschmidt and H. Nicolai, E10 and SO(9, 9) invariant supergravity,

JHEP 07 (2004) 041 [hep-th/0407101] [SPIRES].

[31] C. Hillmann, Generalized E7(7) coset dynamics and D = 11 supergravity,

JHEP 03 (2009) 135 [arXiv:0901.1581] [SPIRES].

[32] J.A. Wolf, Complex homogeneous contact manifolds and quaternionic symmetric spaces, J.

Math. Mech. 14 (1965) 1033.

[33] D.V. Alekseevskii, Classification of quaternionic spaces with transitive solvable group of

motions, Math. USSR Izvestija 9 (1975) 297.

– 38 –

http://dx.doi.org/10.1088/1126-6708/2008/06/027
http://arxiv.org/abs/0804.0595
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0804.0595
http://dx.doi.org/10.1016/j.nuclphysb.2009.03.011
http://arxiv.org/abs/0901.4251
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0901.4251
http://dx.doi.org/10.1088/1126-6708/2009/05/027
http://arxiv.org/abs/0902.4031
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0902.4031
http://dx.doi.org/10.1142/S0217751X89000972
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=IMPAE,A4,2475
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CQGRD,6,L77
http://dx.doi.org/10.1016/0550-3213(90)90097-W
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA,B332,317
http://dx.doi.org/10.1016/S0550-3213(99)00726-9
http://arxiv.org/abs/hep-th/9909228
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/9909228
http://dx.doi.org/10.1088/1126-6708/2001/02/039
http://arxiv.org/abs/hep-th/0101161
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0101161
http://dx.doi.org/10.1016/S0370-2693(01)00636-0
http://arxiv.org/abs/hep-th/0104215
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0104215
http://itf.fys.kuleuven.be/~toine/LectParis.pdf
http://dx.doi.org/10.1016/0550-3213(94)00559-W
http://arxiv.org/abs/hep-th/9410167
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/9410167
http://dx.doi.org/10.1088/1126-6708/2007/07/079
http://arxiv.org/abs/hep-th/0701203
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0701203
http://dx.doi.org/10.1088/1126-6708/2008/09/123
http://arxiv.org/abs/0804.1362
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0804.1362
http://dx.doi.org/10.1088/0264-9381/18/21/305
http://arxiv.org/abs/hep-th/0104081
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0104081
http://dx.doi.org/10.1016/j.physletb.2003.09.059
http://arxiv.org/abs/hep-th/0307098
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0307098
http://dx.doi.org/10.1103/PhysRevLett.89.221601
http://arxiv.org/abs/hep-th/0207267
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0207267
http://dx.doi.org/10.1088/1126-6708/2004/07/041
http://arxiv.org/abs/hep-th/0407101
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0407101
http://dx.doi.org/10.1088/1126-6708/2009/03/135
http://arxiv.org/abs/0901.1581
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0901.1581


J
H
E
P
0
7
(
2
0
0
9
)
1
0
4

[34] P. Kobak and A. Swann, HyperKähler potentials in cohomogeneity two, math/0001024

[SPIRES].

[35] P. Kobak and A. Swann, The Hyperkähler geometry associated to Wolf spaces, math/0001025.
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